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ABSTRACT 

Using the fact that every worldsheet may be ruled by two copies of worldlines, a 
restricted version of Weyl's construction of representations of algebras is used to 
extend the recent classification of off-shell supermultiplets of iV-extended world- 
line supersymmetry to usual off-shell and also unidextrous (on-the-half-shell) su- 
permultiplets of worldsheet (p, g)-supersymmetry with no central extension. In 
the process, a new class of error-correcting (even-split doubly-even linear block) 
^ codes is introduced and classified for p+q < 8, providing a graphical method for 

classification of such codes, and thereby of so-projected supermultiplets. 

PACS: 11.30.Pb, 12.60.Jv And there in the warp and the woof is the proof of it. 

*f -Elwyn Brooks White ("Charlotte's Web") 
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1 Introduction, Rationale and Summary 

Supersymmetry has been utilized in physics for about four decades [1,2,3,4], as it stabilizes the 
vacuum and simplifies renormalization or even eliminates the need for it. Nevertheless, and although 
the use of off-shell fields is paramount in quantum theories, off-shell formulations of supersymmetric 
models are still known only for relatively low total number of supercharges, N (counting each real 
spinor component separately). This situation has remained largely unchanged in the past two 
decades (as reviewed, e.g., in Ref. [5] ), and has been recognized as a major remaining challenge [6] . 

To this end, Refs. [7,8] proposed: (l) classifying the off-shell worldline supermultiplets (which 
are technically simpler owing to the simplicity of the Lorentz group Spin(l, 0) ~ Z2), and then 
(2) determining which of these extends to higher-dimensional spacetimes and reconstructing the 
models built from them. It turns out that worldlines admit myriads 1 of inequivalent adinkraic su- 
permultiplets [13,9,14,10,11,12] of (N < 32)-extended worldline supersymmetry; see also Refs. [15, 
16,17,18,19,20,21]. A supermultiplet is adinkraic if each of its component (super)fields is mapped 
by each supercharge to precisely one other of its component (super)fields or a derivative thereof. 
Recently provided numerical criteria [22,23] demonstrate that a rather small fraction of off-shell 
worldline supermultiplets extends to (3+1)- and higher- dimensional spacetime. 

Worldsheet supersymmetry is essential in string theory [24,25,26,27] and very rich [28,29] . 
Since worldsheets include worldlines in several inequivalent ways [30,31,32] , extending worldline su- 
persymmetry to a worldsheet is a stepping stone in the realization of the proposal [7,8] . Ref. [33] 
provides a simple criterion for extending worldline off-shell supermultiplets to worldsheet super- 
symmetry, which then suffices for many string theory applications. This also significantly enhances 
the efficiency of the numerical criteria of Ref. [22,23] for extending to supersymmetry in higher- 
dimensional spacetimes. 

Complementary to the filtering approach of Ref. [33] and for all p,q > 0, the constructions 
presented herein produce: 

1. usual (ambidextrous) off-shell supermultiplets of worldsheet (p, g)-supersymmetry, and 

2. unidextrous (on the half-shell) supermultiplets of worldsheet (p, g)-supersymmetry, 

by tensoring worldline supermultiplets, and as a restricted adaptation of Weyl's inductive construc- 
tion of Lie algebra representations [34,35] . It is gratifying to note that the lists obtained in such 
complementary ways in fact coincide, at least for the low enough values of p+q, where compar- 
isons could be made by inspection. A computer-aided mechanized computation is clearly desirable, 
generalizing the one performed for worldline supermultiplets [10,11,36] . 

In many cases, the resulting tensor-product Adinkras exhibit one or more ^-symmetries that 
are encoded by esDE-codes (see Eqs. (42) for the definition): even-split refinements of the error- 
correcting (binary) doubly-even linear block (DE-)codes of Refs. [10,11,36]. Very much like in the 
case of worldline supermultiplets [10,11] , passing to the quotient of such a Z 2 symmetry provides 
a new, half-sized supermultiplet, and one may do so repeatedly using mutually commuting such 

J For N < 32, there are > 10 12 inequivalent families of supermultiplets, within each of which the super- 
multiplets have the same chromotopology (see below) but where the number and variety of the component 
(super)field relative engineering dimensions grows hyper-exponentially with N [9,10,11,12] . 
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Z 2 symmetries. A list of these symmetries for p+q < 8 is depicted in Figure 4 using a graphical 
method [14] , and which may also be used for p+q > 8. 

The main results presented herein are: 

1. the Constructions 2.1 and 2.3 for off-shell representations (and 2.2 for unidextrous represen- 
tations on-the-half-shell) of worldsheet (p, g)-supersymmetry, and their listing for p+q < 8; 

2. the definition and a p+q < 8 listing of even-split (binary) doubly even linear block (esDE) 
codes that encode possible Z 2 -symmetries in supermultiplets, with respect to which quotients 
define the minimal supermultiplets for given (p, g)-supersymmetry; 

3. the definition of a twisted Z 2 symmetry in Adinkras, that implies a complex structure; 

4. a demonstrations that some worldsheet supermultiplets depicted by topologically inequivalent 
Adinkras are nevertheless equivalent, and by (super)field redefinition only; 

5. a demonstrations that the same Adinkra may depict distinct supermultiplets of the same 
(p, g)-supersymmetry, as same doubly even linear block codes have inequivalent even-splits; 

6. the supermultiplets projected by at least some of inequivalently even-split DE-codes are then 
shown to be nevertheless equivalent, and by (super)field redefinition only; 

7. an independent confirmation of the conclusion of Ref. [33] , that ambidextrous off-shell super- 
multiplets of ambidextrous supersymmetry must have at least three levels [18,9], i.e., their 
component (super)fields must have at least three distinct, adjacent engineering dimensions. 

The paper is organized as follows: The remainder of this introduction presents the requisite 
definitions, and then Section 2 presents the three constructions of off-shell and on the half-shell rep- 
resentations of worldsheet (p, g)-supersymmetry. Section 3 discuses the role of esDE error-correcting 
codes in the proposed framework for classifying off-shell representations of worldsheet supersym- 
metry and Section 3.3 catalogs the maximal such codes — and thus the minimal such supermulti- 
plets — for p+q < 8. Our conclusions are summed up in Section 4, and technically more involved 
details are deferred to the appendices. 

Definitions and Notation: We will only consider supersymmetry algebras without central extension, 
and will construct linear and finite-dimensional off-shell or on-the-half-shell (see below) represen- 
tations of (1, l\p, g)-supersymmetry. This is worldsheet (p, g)-extended super-Poincare symmetry, 
generated by p real, left-handed superderivatives 2 D Q+ , q real right-handed ones, D^_, and the 
light-cone worldsheet derivatives and d= . On the worldsheet, the indices a and a count "in- 
ternal" (not spacetime) degrees of freedom, but may well stem from a dimensional reduction of a 
higher-dimensional spacetime symmetry. The defining supercommutators of these algebras are: 

6p MlM : { D a+ , } = 1% 5 aP 3 + , { D„_ , } = 2i 6^ cL , (1) 

and all other supercommutators vanish. These generators act as first order differential operators 
on functions (superfields) <E , ,\E', etc., over (1, l\p, g)-superspace. The component fields 

0:=$|, ip a+ := iDa+*|, Va- : = «*D<i-$|, ••• F a ^ := |[D a+ , D^+]*|, etc., (2) 

2 While not strictly necessary to use superdifferential operators to study supersymmetry, we find it 
simpler to do so, and there is no loss of generality: supersymmetry implies that superspace exists [37] . 
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are — up to numerical factors chosen for convenience — defined by projecting to the purely bosonic 
and commutative (1, 1|0, 0)-dimensional worldsheet the 

D a l b := D^ 1 A • • • A Dp+D^ A • • • A D g fc _?, a a , b & G {0, 1}, (3) 

superderivatives of superfields. In the definitions (2), the factor i^ a \ h ^ is included to insure that the 
component fields (2) projected with the operators (3) are real. We have 

U\hl := (N+N+ 1 ) , |a| := £ a Q , |b| := ]T b - ( 4 ) 

ct=l a=l 

where |a| + |b| is the Hamming weight [38] of the split binary number a|b with binary digits 
di, . . . ,a p \bi, ...,b q . 

Being abelian, the worldsheet Lorentz symmetry Spin(l, 1) ~ IR X (the multiplicative group of 
nonzero real numbers, i.e., the non-compact cousin of U(l)) has only 1-dimensional irreducible 
representations, upon which it acts by a multiplicative number [34,39] . Eigenvalues of the only 
Lorentz generator will be called spin for simplicity. For example, 

spin(D a _) = +| = - spin(D^_), spin(^) = +1 = - spin(cL), (5) 

and we use the "±" subscripts to count spin in units of ±|ft; superscripts count oppositely. In 
addition to spin, all objects also have an engineering (mass-) dimension, such as 

[D a+ ] = | = [D,_], [d^] = l = [d = ]. (6) 

A superfield is off-shell if it is subject to no worldsheet differential equation (one involving 
and/or d= , but neither D a+ nor Dq,_). If it is subject to only unidextrous worldsheet differential 
equations [30,28] (involving either or d= but not both), it is said to be on the half-shell [32]; 
such superfields are not off-shell on the worldsheet in the standard field-theoretic sense, but are 
off-shell on a unidextrously embedded worldline and provide for features not describable other- 
wise [40] . A superfield, operator, expression, equation or another construct thereof will be called 
ambidextrous to emphasize that is not unidextrous. Following Ref. [30] , the (p, 0)- and (0, q)- 
supersymmetries will continue to be called unidextrous. However, one must keep in mind that the 
absence of D„_-superderivatives in (p, 0)-supersymmetry results in the absence of d= -generated 
unidextrous worldsheet constraints; the parity-mirror analogue holds for (0, g)-supersymmetry. 

2 Worldsheet Supermultiplets 

To highlight the complexity of the classification of off-shell supermultiplets, we recall the compara- 
tively much simpler study of multiplets of (global and local) symmetries in particle physics. 

For any Lie group G, a G-multiplet is a collection of component fields which span a representation 
of G, i.e., within which the G-action closes. That is, each component field within the multiplet 
is transformed by any element of G into a linear combination of componenet fields within the 
multiplet. For example, a general element of the color SU(3) C symmetry group transforms any 
particular quark of any particular color into a linear combination of all three colors of the same 
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quark. At any point in spacetime, the component fields in a multiplet thus span a vector space, 
which is a representation of the structure group: the red, blue and yellow version of a given quark 
form a basis for the 3-dimensional vector space of the SU(3) C representation that particle physicists 
denote as "3". This vector space then varies over spacetime, forming a vector bundle. 

All Lie groups are products of factors that are either simple or are copies of the abelian group 
U(l). All simple Lie groups have an indefinite sequence of irreducible unitary finite-dimensional 
representations, but all of which can be constructed from only one or maybe two "fundamental" 
representations by means of the so-called Weyl construction [34,35] , by: (l) tensoring, (2) "sym- 
metrizing" in various ways 3 , and (3) subtracting "traces", i.e., contracting with invariant tensors 
specific to the given simple Lie group. These classification theorems rely on: (l) the existence of 
a "Cartan+ladder generator" basis where the Cartan generators Hi unambiguously identify the 
ladder generators E a through the nondegenerate action [Hi,E a ] = aciE a , and (2) the existence of 
the positive-definite Killing metric of the given simple Lie algebra, g a b '■= —fac d fbd c - 

However, the Killing metric defined from the structure constants of any supersymmetry algebra 
(without and also with central and other extensions, in any spacetime dimension and signature) 
tends to be degenerate and in fact vanishes completely for (1): the action of the Cartan generators, 
<9± , d= , on all supercharges and superderivatives is maximally degenerate — all commutators vanish. 
For the study of off-shell representations of supersymmetry, this obstructs both the standard Lie- 
algebraic methods and its ensuing standard and familiar classification theorems. 

2. 1 Weaving Worksheets from Worldlines Within 

The defining relations (1) — with all other (anti) commutators understood to vanish — clearly indicate 
that the worldsheet (p, g)-supersymmetry algebra is actually a direct sum of the left- and the right- 
handed parts 

f ~ 1|P ~ i,o|p,o , a , 

~ i.ilP.g _ i|p _ ik I t>P+ := top 3 {D a+ ,Oj F \, 

Gp = 6p + ©6p_, (7) 

I Gp_ := Gp 3 {D„-,d=}, 

where both &pl and Gp^ are isomorphic, respectively, to a worldline p- and g-extended supersym- 
metry algebra without central charges: 

Gp lN 3 {Dj, d T } : { D/ , Dj } = 2i 8 U d T . (8) 

Therefore, all representations of Gp ' are also representations of &p+ and of &p^, which then 
immediately implies the result: 

Construction 2. 1 (off-shell) Let and denote off-shell representations of two copies of the 
(centrally unextended) worldline supersymmetry algebras, &p If and &p^, respectively. The 
tensor product 4 Dl + <S> is then an off-shell representation of &p ' P q = ©p+ © ©p_l*. 

3 More properly, this refers to projection on irreducible representations of the permutation group acting 
on the factors in the tensor product V (8) • • • 8) V of the fundamental representation V with itself. 

4 Elements of ® 9^- are supermultiplets that transform as the respective factors under the separate 

action of the two summands in &p ' ' P ' 9 = (Sp+ © &P-, but need not themselves factorize. 
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Akin to the situation with worldline supermultiplets, [10,11], representations (9^+ <8> of the 
worldsheet (p, g)-supersymmetry obtained in Construction 2.1 may have a few (k) mutually com- 
muting Z2-symmetries that also commute with supersymmetry. It is then possible to construct the 
/c-fold iterated Z 2 quotient sup er mult iplet, (9t + Cg> 91_)/(Z 2 ) fc . When any one of such Z 2 -actions 
involves both the D Q+ - and the D„_, the quotient of the tensor product is not a tensor product 
itself; see (27) in particular, and Section 3 for the general discussion. 

It should be evident that Construction 2.1 together with the iterated Z 2 -quotients represent a 
restricted form of Weyl's construction of algebra representations [34,39] , tensoring only represen- 
tations of the different summands in a direct sum of two algebras. This reminds, say, of the quark 
doublet (u L , d L ), which represents the tensor product of the fundamental irreducible representations, 
the 3 of color SU(3) C and the 2 of weak SU(2) L , and in fact also of the (%, 0) representation of the 
Lorentz Spin(l,3) ~ SL(2, C) symmetry. Noting that the general form of Weyl's construction for 
supersymmetry is complicated by the fact that supersymmetry algebras include the Poincare alge- 
bra whereby representations must, in principle, also include indefinitely high spacetime derivatives 
of the component fields, we defer the study of these to a later opportunity. 

— * — 

1 |p 

By construction, £H + is invariant with respect to (5p_: (D„_fH + ) = = (<9 = 9l + ), and 

1 \p 

with respect to &p + : (D a+ yi) = = (d^9t-). There are then two interesting special cases of 
Construction 2.1: 

Construction 2.2 (unidextrous representations) Selecting 9l_ i-> 1_ , the tensor product represen- 
tation of Construction 2.1 becomes a unidextrous representations (on the half-shell) of the 
(centrally unextended) worldsheet ambidextrous supersymmetry &p ' ' 9 for arbitrary q > 0. 

1| JV l,l\p,N 

Mutatis mutandis for the parity mirror-image, &p h-> &p 

In other words, by identifying (D/,<9 T ) t— > (D a+ d^), all off-shell representations of (centrally unex- 
tended) worldline iV-extended supersymmetry (5p ' automatically extend to (centrally unextended, 
left-moving) unidextrous representations of (centrally unextended) ambidextrous worldsheet (N, q)- 
supersymmetry ©p ' ' 9 for arbitrary q > 0: D ( ^_(D c l + ® 1_) = = d= (9^+ (8)1-). 

Such representations are not off-shell on the worldsheet in the standard field-theoretic sense, but 
are off-shell on a continuum of worldlines within the worldsheet: they are on the half-shell [32] . 

Corollary 2.1 Every off-shell model with (centrally unextended) N -extended worldline super- 
symmetry automatically dehnes an (N, q)-supersymmetric worldsheet model on the half-shell, 
for arbitrary q > 0. Mutatis mutandis for the parity mirror-image. 

In the special case of Construction 2.2 when q = (p = 0), there are no Dq,_'s (no D Q+ 's), and 
unidextrous annihilation by d = (by 9±) is not implied: 

Construction 2.3 (unidextrous supersymmetry) By identifying (D/,<9 r ) ^ (D a+ , 9±), all off-shell 
representations of (centrally unextended) worldline N -extended supersymmetry (5p automat- 
ically extend to fully off-shell representations of (centrally unextended) unidextrous worldsheet 
(N, 0) -supersymmetry &p ' 1 '°. Mutatis mutandis for &p 1 i-> &p ' °' . 
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Corollary 2.2 Every off-shell model with (centrally unextended) N -extended worldline super- 
symmetry automatically defines a (centrally unextended) unidextrous (N,0)-supersymmetric 
worldsheet model, as well as its unidextrous (0, N)-supersymmetric parity mirror-image. 

In turn, Construction 2.3 may also be regarded as a prerequisite to Construction 2.2: 

Corollary 2.3 Every off-shell supermultiplet of (centrally unextended) unidextrous (N, 0)-super- 
symmetry given by Construction 2.3 extends to a worldsheet unidextrous supermultiplet on the 
half-shell of the (centrally unextended) (N, q)-supersymmetry and for arbitrary q > 0. Mutatis 
mutandis for the parity mirror-image. 

Note the difference between the results of constructions 2.2 and 2.3: The former produces a 
unidextrous representation A ~ (9t+ ® 1) of the ambidextrous worldsheet (N, g)-supersymmetry, 
which then must be on the half-shell: d= A = 0. In turn, Construction 2.3 results in a representa- 
tion A ~ 9^+ of unidextrous (N, 0)-supersymmetry, that is off-shell: A need satisfy no particular 
worldsheet differential equation ere one were to select a lagrangian for it. 

The products of Construction 2.3 are representations only of unidextrous (p, 0)- and (0, q)- 
supersymmetry, and so cannot be mixed with the products of Constructions 2.1 and 2.2 that are 
designed for ambidextrous (p, (^-supersymmetry. In turn, worldsheet models with ambidextrous 
supersymmetry, constructed with a mix of results from Constructions 2.1 and 2.2, indeed exist: 
Refs. [28,29,32,40] discuss (2, 2)-supersymmetric models that involve both off-shell ambidextrous 
representations (the familiar chiral, twisted-chiral superfields and their conjugates) and unidextrous 
representations (leftons and rightons) on the half-shell. 

Foreshadowing some of the subsequent results, these supermultiplets are presented in Table 1. 



name (01+ x 



Adinkra 



x name 



off-shell 



chiral 
& herm. conj 



+ 

2,2 





twisted chiral 
2 2 & herm. conj. 



on the half-shell 



lefton 

G ker[<9=] 



(i + ®^>j ri9h,on 



G ker[<9+-] 



Table 1: Some off-shell and on-the-half-shell supermultiplets of worldsheet (2, 2)-supersymmetry. The 
lefton and righton superfields may be complexified, thus doubling the number of degrees of freedom. 



2.2 Some Learning Examples 

For illustrative purposes, we restrict herein the otherwise general Constructions 2.1-2.3 to using only 
so-called adinkraic representations of (centrally undextended) worldline iV-extended supersymmetry 
defined and explored in Refs. [13,9,10,11,12,41,42] , which are easily depicted by Adinkras. 
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Adinkras and Worldline Supermultiplets: Adinkraic supermultiplets admit a basis of component (su- 
peracids (0a|^b) corresponding to a basis of supersymmetry generators, such that each supersym- 
metry generator maps each component (super)field to precisely one other component (super)field 
or its (space)time derivative. 

By contrast, in non- adinkraic supermultiplets the action of at least one supercharge on at 
least one component (super)field is bound to produce a linear combination of other component 
(super)fields and their derivatives — and there exists no (super)field redefinition that would turn 
the supermultiplet adinkraic. Examples of non-adinkraic worldline supermultiplets have been con- 
structed in Ref. [10] . In spacetime supersymmetry, nontrivial Lorentz-covariance prevents many 
of the linear combinations of component (super)fields within a supermultiplet. While this tends 
to obstruct the non-adinkraic constructions a la Ref. [10] , it also tends to obstruct compensating 
(super)field redefinitions. This leaves open the logical possibility that adinkraic supermultiplets do 
not exhaust the space of finite-dimensional unitary representations of spacetime supersymmetry. 

It is thus noteworthy that Constructions 2.1-2.3 and Corollaries 2.1-2.3 and B.l apply to all 
representations, adinkraic or not. For now however, we focus on adinkraic supermultiplets. 



Adinkra Supersymmetry Action 


Adinkra Supersymmetry Action 




*b~ 

& A 




M B 




i\ D/ 

OA 


*B~ 
$>A_ 




-i^B. 




iV D, 
•b 






ii?B~ 




QA 

i\ D/ 

*B 


$>A~ 









The edges are here labeled by the variable index /; for fixed /, they are 
drawn in the I th color. 



Table 2: Adinkras depict supermultiplets (9) by assigning: (white/black) vertices o (boson/fermion) 
component (super)fields; edge color/indexo D/; solid/dashed edge-H-c = ±1; nodes are placed at 
heights equal to the engineering dimension of the depicted component (super)field, determining A in 
Eqs. (9). 



As done in [43] , we introduce a collection of otherwise intact (that is, unconstrained, ungauged, 
unprojected. . . ) component superfields d la Salam and Strathdee [44] , and correspond the super- 
symmetry transformations with superderivative constraint equations 5 

D I <f>A = ic(h I ) A B (d 1 T - x V B ) 1 f Q I <j )A =-c(h I ) A B (d 1 T - x ^ B ), <f>A:=& A \, (Q) 

D I V B = c(hj 1 ) B A (d x <S> A ) J " \ Q I ip B =-ic(hJ 1 ) B A (d^ A ), Vb:=*b|, ' 

where the exponent A = 0, 1 depends on J, A, B, and the matrices Lf have exactly one entry, ±1, 
in every row and in every column. This type of (adinkraic) supersymmetry action is then depicted 

5 The correspondence (9) derives from the superspace relation Qj = iDj+25ij9 J d T between supercharges 
Qj and superderivatives, and the fact that if the D/ act from the left then the Qj act from the right. It is not 
hard to show that {Qi, Dj} = 0, so that mappings defined by means of D's are manifestly supersymmetric. 
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using the "dictionary" provided in Table 2. For example, 



and 



IJ | \±r 


<7 \T/. 


Di*i 






= F, 


T ~\ T71 

Di r 


= «W 2 . 


DiBi 


= 2 Hi 


DiB 2 


= iH 2 




= B ls 


DiS 2 


= B 2 , 




D 2 $ 
D 2 *i 
D 2 * 2 

D 2 F 



«*2, 



i*i, 



(10a) 
(10b) 
(10c) 
(lOd) 




D 2 Bi 


= «s 2 , 


D 2 B 2 


= — i Hi 


D 2 Si 


= -B 2 , 


D2 "2 


= Bi, 



(11a) 
(lib) 
(11c) 
(lid) 

define two clearly distinct worldline N=2 supermultiplets. 

Given the comparative brevity and ease of comprehension, supersymmetry transformation rules 
such as (10)— (11) will subsequently be depicted by Adinkras rather than written out explicitly, 
except for occasional examples to reinforce this relationship. This also permits identifying Adinkras 
with the supermultiplets that they depict, which is a faithful 1-1 correspondence except for a well- 
defined subclass where multiple Adinkras depict isomorphic supermultiplets: see the sections 3.4-3.5 
for the worldsheet extension of the worldline characterization of Refs. [10,11] . 

Complex Structures: In the superdifferential systems (10)— (11), all superfields <fr, F, Bj, Ej may 

be chosen real, as seen by writing the superderivative action in terms of supercommutators: 



(Di* 2 ) := 



{Di,* 2 }, 



(F)t 



= [D;,*] f 
{Di,* 2 }t 



[*t,D}] 
,t nt 



■IPi,*] 



2* 



{*LD T i} = +{Di,*2} 



j 1 
F. 



etc. 



(12a) 
(12b) 



In turn, note that the Adinkra (11) exhibits a twisted horizontal Z 2 -symmetry: by simultaneously 
swapping Bi -H- B 2 and Hi -h- H 2 , the Di (black edges) action is preserved, but the D 2 -action (red 
edges) flips the overall sign, depicted by swapping of the solid/dashed parity of the corresponding 
edges. This may be seen to depict a pair of complex structures by defining 



D 



ij[Di+XD 2 



s/2 



B : = ^(Bi+XB 2 



and 5 



X 2 



Hi + XH 2 



(13a) 



with 6 X = ±z, so that the left-hand half of the Adinkra (11) plays the role of the real part, the right- 
hand side the imaginary part of the new, complex component (super)fields; also, the edges entirely 
within the left- or right-hand side play the role of the real part, and the edges criss-crossing from one 
to the other side play the role of the imaginary part of the complex supersymmetry transformation: 

(H1+IH2) 



a real Adinkra 
with a twisted 
left-right 
Z 2 -symmetry 




(Di+T: 

(Bi+. 



ID 2 ) 
XB 2 ) 



a complex 
rendition 
of the 
same 
Adinkra 



(13b) 



3 The two choices of the complex structure X = ±i only have a relative distinction. 



With this, we compute 

DB iE. DS = B, and DS = 0, DB = 0. (13c) 

In fact, owing to the very last of these results, the supermultiplet (B; S) = (B; (—iDB)) may be 
considered the worldline N = 2 antichiral supermultiplet. Combining these, the N = 2 supersym- 
metry algebra (8) 

{D,D} = = {D,D}, and {D,D} = 2id T (13d) 

is satisfied on (B; 5). 

Corollary 2.4 (complex structure) An Adinkra admits a conjugate pair of complex structures if it 
has a rendition that exhibits a twisted horizontal Z2 symmetry, whereby: 

1. the intended 'real (imaginary) part' nodes are in the left-hand (right-hand) half- Adinkra, 

2. the left-hand side half-Adinkra maps to the right-hand side identically, 

3. edges criss-crossing from left to right map with the solid/dashed parity reversed. 

Tensor Product Adinkras: The tensor product of Adinkras refines the tensor product of graphs [45] 
by accounting for the fact that Adinkra nodes are bi-partitioned into bosons and fermions, drawn at 
a height determined by the engineering dimension, and that edges are either solid or dashed in such 
a way that every 2-colored quadrangle consists of an odd number of dashed edges. Tensor product 
(p,q)-Adinkras (Adinkras with p of the edge-colors depicting D Q+ -action and q of them DQ,_-action) 
are constructed as follows: 

Construction 2.4 (tensor product (p,q)-Adinkras) 

0. Given two Adinkras A+ and A- depicting two adinkraic worldline supermultiplets, A+ 
will depict the D a+ -action, and A- the D„_-action in A + Cg>*4_. 

1. Draw a copy of A+ in the place of every node of A-, but flip the boson/ fermion (node) 
and solid/dashed (edge) parity in the copies of A + that replace fermionic nodes of A-; 
as convenient, exaggerate the size of A- . 

2. For every edge E in A- , redraw a copy of E to connect like nodes in the copies of A+ 
that replaced the E-connected A^-nodes. 

3. Revert any temporary size exaggeration from step 1 by repositioning the resulting nodes 
to their proper height, so all edges extend precisely one level up/down. 

The reason for flipping the boson/fermion and solid/dashed parity as described in Step 1 is simple: 
Bosons correspond to the identity element of the Z2 C Spin(l, 1) Lorentz group, whereas fermions 
correspond to its nontrivial (—1) element. Since edges represent the action of supersymmetry, 
between bosons and fermions, they also correspond to the nontrivial (—1) element of Z2 C Spin(l, 1). 
The tensor product of a black (fermionic) node with an entire Adinkra thus necessarily flips the 
association with the +1/-1 GZ 2 C Spin(l, 1) elements in that Adinkra. 

To illustrate this, we now turn to construct the Adinkras depicting ambidextrous off-shell and 
unidextrous (on-the-half-shell) (4— q, g)-supermultiplets in this manner, for q = 0,1, 2. 
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2.2.1 The Building Blocks 

Tables 6 and 7 of Ref. [11] list 28 N = 4 worldline Adinkras, without distinguishing dashed edges 
for simplicity and to save space. 

Of these 28 Adinkras, 24 have 8 white and 8 black nodes, depicting supermultiplets with 
corresponding 8 bosonic and 8 fermionic component (super)fields. The edges in all of these 24 
Adinkras form a tesseract (4-cube) and have only one equivalence class of edge-dashing: any choice 
solid/dashed edge parity may be obtained from any other one by judicious sign-changes in compo- 
nent (super)fields and horizontal rearrangement of nodes that is inconsequential to the supermul- 
tiplets depicted. These Adinkras differ from each other solely by various height-positioning of the 
nodes, i.e., engineering dimensions of the various component (super)fields. To save space, these 24 
Adinkras are not listed herein, and the Reader is referred to tables 6 and 7 of Ref. [11] . 

The remaining four N = 4 Adinkras are "half-sized" and each admits a twisted version: 




(14) 



where an Adinkra differs from its twisted variant in the solid/dashed parity in edges of an odd 
number of colors — here the orange-colored edges. Together with the 24 described in the previous 
paragraph, these eight inequivalent N = 4 Adinkras add up to 32 Adinkras; together with their 
boson/fermion flips, the 28 N = 4 Adinkras in tables 6 and 7 of Ref. [11] therefore represent 64 
inequivalent N = 4 Adinkras, all of which depict inequivalent off-shell supermultiplets of N = 4 
worldline supersymmetry. 

In addition, we may make use of the N = 3 Adinkras: 




their boson/fermion flips, as well as the N = 2 Adinkras (10)— (11), their boson/fermion flips and 
the N — 1 Adinkras in Table 2. 

2.2.2 Tensor Product (4,0)-Adinkras 

By Construction 2.3, the 64 inequivalent N = 4 worldline off-shell supermultiplets are interpretable 
as 64 inequivalent (4, 0)- and (0, 4)-Adinkras, depicting 64 inequivalent off-shell supermultiplets of 
unidextrous worldsheet (4,0)- and (0, 4)-supersymmetry, respectively. 
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The size of these Adinkras — 8 + 8 nodes in 24 of the N = 4 Adinkras vs. 4 + 4 nodes in the 
remaining 8, lined up in (14) — correlates with the following quality: The 8 Adinkras (14) and their 
boson/fermion flips are all "2-color decomposable" in that it takes deleting all edges of any two 
colors for the Adinkra to decompose into disjoint Adinkras of lower supersymmetry. By contrast, 
the other 48 iV = 4 Adinkras are all "1-color decomposable": they decompose into two disjoint 
Adinkras of lower supersymmetry upon deleting the edges of any one color. 

Below, we will see example Adinkras in which this n-color decomposability is not as uniform 
over the edge-colors. However, this quality is correlated with the fact that Adinkras that exhibit a 
higher n-color decomposability (corresponding to supermultiplets of smaller size) may be obtained 
from Adinkras of lesser n-color decomposability (corresponding to supermultiplets of larger size) by 
projection with respect to certain Z 2 -symmetries; these will be explored in Section 3. 

2.2.3 Tensor Product (3,1)-Adinkras 

The non-trivial aspects of Construction 2.4 are illustrated by constructing (3, 1)-Adinkras. We 
begin with 




(16) 



Step Step 1 Step 2 Step 3 



where we have temporarily exaggerated the size of A- in Step 1, retained the relative alignment 
of the nodes between Steps 1 and 2, arranging them finally at their proper heights in Step 3. Up 
to flipping the sign of the three right-hand side component (super)fields in the middle row and 
the top-most one 7 , the nodes in the Adinkra (16) depict the tesseract of super derivatives used to 
project component fields [28,9], shown in Figure 1. 

The topology of the resulting Adinkra (16) and the one in Figure 1 is by construction a tesseract, 
i.e., a 4-cube, being the tensor product of a usual cube and an interval (16). The topology of an 
Adinkra together with a fixed edge-color assignments is called a chromotopology [10] ; an Adinkra 
additionally exhibits the solid/dashed parity of the edges and the height arrangement of the nodes. 
In addition, to represent worldsheet (p, g)-supermultiplets, the collection of edges in a (p, g)-Adinkra 
is also split into those corresponding to the D a+ vs. those corresponding to the D^,_. 

By virtue of the evident isomorphism between the Adinkra (16) and the one in Figure 1, the 
resulting (3, 1)- Adinkra (16) is easily seen to depict the supermultiplet also represented by the 
intact (3, l)-superfield with component fields computed in the manner of (2). This same Adinkra 
also turns up in the list of Section 2.2.2, the difference being that there all edges correspond to either 
D Q+ -action for (4, 0)-supersymmetry or to D^_-action in (0, 4)-supersymmetry; here, the edges of all 
but one (orange) color correspond to D a+ -action and edges of the fourth (orange) color correspond 
to Da--action. To distinguish Adinkras in which such a correspondence is fixed, we have: 

7 Flipping the sign of a component (super)fleld depicted by the node n also flips the solid/dashed parity 
assignment of each edge incident to n; edges connecting two sign-flipped nodes remain unchanged. 
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Figure 1: The tesseract of superderivative operators used in projecting component fields of world- 
sheet (3, l)-superfields. Edges are associated with the superderivatives: Di + o red, D 2+ <R- green, 
D 3+ O blue, D_ <H> orange; see Table 2 for more details. 

Definition 2. 1 An Adinkra together with the additional choices that make it depict a supermul- 
tiplet of (p, q) -super symmetry is thus called a {p,q)-Adinkra. 



The remaining (3, 1)-Adinkras obtained as tensor products of N=3 and N—l Adinkras are: 




Step Step 1 Step 2 Step 3 




Step Step 1 Step 2 Step 3 



where the zig-zagging arrow denotes some horizontal node rearrangements, 




Step Step 1 Step 2 Step 3 



and 




Step Step 1 Step 2 Step 3 
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We notice that the upside-down boson/fermion-flipped rendition of (17) is the same as (19) upon 
horizontal reshuffling of the nodes and a judicious sign-change in a couple of component (super)fields, 
i.e., nodes. In a simpler sense, the upside-down renditions of (16) and (20) are equivalent to the 
originals, and the upside-down rendition of (18) is equivalent to the boson/fermion flip of the 
original. 

Thus, the five Adinkras (16), (17)-(20) and their boson/fermion flips represent ten inequivalent 
(3, 1)-Adinkras, and depict ten corresponding, inequivalent off-shell supermultiplets of worldsheet 
(3, l)-supersymmetry. Swapping the roles of {D a+ ,d^} and {D^_,<9 = }, each (3, 1)-Adinkra may 
be reinterpreted as a (1, 3)-Adinkra, resulting in the depiction of ten inequivalent off-shell (1,3)- 
supermultiplets. 

2.2.4 Tensor Product (2,2)-Adinkras 

Construction 2.4 is illustrated also by considering the product 




The resulting Adinkra (21) is easily seen to be equivalent to (16) by changing the sign of the 
component (super)fields corresponding to the 2nd, 3 rd and 6 th middle-level node from the left, 
as well as the top-most node. Its reinterpretation from depicting an off-shell supermultiplet of 
(3, l)-supersymmetry to depicting an off-shell supermultiplet of (2, 2)-supersymmetry owes to the 
reassignment of the blue and orange edges from D 3+ - and D_-action, respectively, in (16) to Di_- 
and D2_-action in (21). 

The (2,2)-Adinkra (21) thus (also) depicts the intact off-shell supermultiplet of worldsheet (2, 2)- 
supersymmetry: 

_ - - ZjJ-J 



(22) 




and also represented by the intact (2, 2)-superfield with component (super)fields projected d la (2), 
by means of the tesseract of superderivatives displayed in Figure 2. In addition to (21), Construc- 
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Figure 2: The tesseract of superderivative operators used in projecting component (super)fields 
of worldsheet (2, 2)-superfields. Edges are associated with the superderivatives: Di + o red, 
D2+ green, Di_ -o- blue, D2- orange; see Table 2 for more details. 



tion 2.1 also yields: 




Step Step 1 Step 2 Step 3 



where the zig-zagging double-barb dashed arrow indicates additional horizontal rearrangement of 
nodes. Next, we have 




Step Step 1 Step 2 



where Step 3 was not necessary in this third example. Note that the (2, 2)-Adinkra (24) has the 
same number of nodes at the same heights as does the (2, 2)-Adinkra (23) and they depict isomor- 
phic worldline supermultiplets. This may be seen by swapping the edge-colors corresponding to 
the A + -H- A- swap, horizontally reshuffling the nodes and changing the signs of four of the white 
nodes in the second row from above, which swaps the solid/dashed parity of the edges incident to 
those nodes. However, the worldsheet supermultiplets depicted by the (2, 2)-Adinkras (23) and (24) 
are inequivalent: they are each other's D a+ -H- D^_ mirror images, via the A+ -H- A- swap. Alter- 
natively, one may say that the equivalent worldline supermultiplets depicted by the Adinkras (23) 
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and (24) extend to inequivalent worldsheet (2, 2)-supermultiplets. Finally, we also have 




Step Step 1 Step 2 Step 3 



The chromotopology of the Adinkras (21)-(25) is the same, the 4-cube; the differences between 
them lie in (l) the height assignments of the nodes — the engineering dimensions of the corresponding 
component (super)fields, (2) the left/right splitting of the edges between (23) and (24), and (3) some 
sign-redefinitions of some of the nodes, i.e., component (super)fields. 



2.3 Additional Structures 

As mentioned above, two similar features in Adinkras are of special interest: 

1. A Z 2 -symmetry, which affords projecting to a Z 2 -quotient. These are the conceptual analogues 
of the familiar Young symmetrization in Weyl's construction, and which is used in the familiar 
SU(2) projections: (2<g>2) A = 1 and (2<8>2) s = 3, as well as (3<g>3) A = 3* in SU(3), etc. 

2. A twisted Z 2 -symmetry, which indicates the admission of a complex structure on the depicted, 
a priori real supermultiplet. 



2.3.1 Z2-Symmetry and Projection 

The Adinkras (25) and (20) depict both different worldline supermultiplets and different worldsheet 
supermultiplets. In fact — unlike (20) — the Adinkra (25) exhibits a Z 2 -symmetry which is made 
evident as follows [33] : First, we rearrange the nodes in (25) horizontally, 



(26) 



then flip the sign of the component (super)fields represented by the encircled four nodes, in the 
(2, 2)-Adinkra obtained in the middle of (26). Of these (2, 2)-Adinkras, the resulting one makes its 
Z 2 -symmetry manifest as a perfect horizontal mirror symmetry, so that its right-hand half may be 
identified — node-by-node and edge-by-edge — with its left-hand half: 







(27) 



resulting in a half-sized (2, 2)-Adinkra. By identifying instead the negative of each right-hand side 
node with its corresponding left-hand side node, the orange (left-right crisscrossing) edges flip their 



15 



solid/dashed parity, and we obtain the twisted version of the half-sized (2, 2)-Adinkra: 




The definite identification and naming convention was made [9] comparing with the original defi- 
nitions of these worldsheet supermultiplets [46] . When depicting worldline supermultiplets, these 
are identical to the pair stacked second from the left in (14). 

Projected (p, g)-Adinkras such as the two depicted in (28) have a hallmark that distinguishes 
them from the unprojected, iV-cubical ones such as (26): 4k distinctly colored edges in every 
projected Adinkra form closed 4fc-gons, wherein the product of signs associated with dashed edges 
varies with the order of the permutation of the 4k colors 8 . For example, beginning with the bottom- 
left-hand node in the chiral Adinkra in (28) and proceeding clockwise, there is a red-green-blue- 
bow-tie shaped tetragon. Associating factors of (—1) with dashed edges, the product along 
this path is (+1)(— 1)(+1)(+1) = —1. In the similar tetragon where we permute the colors, say 
in the last two edges, the red-green-oi 2,c-blue tetragon has (+1)(— 1)(— 1)(+1) = +1 associated 
with it. The same result is obtained starting from any white (bosonic) node (and ending back at 
it), but the opposite result is obtained when starting and ending at a black (fermionic) node — or 
when starting from any white (bosonic) node of the twisted-chiral Adinkra. 

Being that edges are associated with the supersymmetry and super derivative action, and since 
these two tetragons both lead back to the same node (as do all others, in such projected Adinkras), 
we have that in supermultiplets depicted by projected Adinkras there exist operatorial relations 
such as 

Chiral hallmark relation: (D ) _1 o Di_ o (D 2+ ) _1 o D 1+ ~ -(-1) F 1, (29a) 

i.e. D 2 _Di_D 2+ Di+ ~ -(-l) F (id = )(id + ) } (29b) 

where F = for a white (bosonic) initial/final node and F = 1 for a black (fermionic) initial/final 
node. The color-permutation dependent sign-changes are evidently a consequence of the anticom- 
mutivity of the D's. Straightforwardly, 

Twisted-chiral hallmark relation: (D 2 ) 1 o Di o (D 2+ ) _1 o D 1+ ~ (-1) F 1, (30a) 

i.e. D!_D 2+ D 1+ ~ (-l) F (id=)(id + ). (30b) 

and the relative sign difference in the right-hand side of (29) vs. the right-hand side of (30) unam- 
biguously detects the relative twisting — not only between the chiral and twisted chiral supermulti- 
plets of Ref. [46] , but completely generally [9,10] ; see also [42] , where the numerical eigenvalue of 

8 This graphical hallmark was recognized in Ref. [9] , generalized for classification purposes and related 
to certain error-correcting codes in Refs. [10,11,14] and used to define a character in Ref. [42] — all for 
worldline (reductions of) supermultiplets. Herein, these notions are extended to worldsheet supermultiplets. 
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an operator closely related to the superdifferential operators on the left-hand side of (29)-(30) was 
defined as a character of a worldline (reduction of a) supermultiplet. 

It is not difficult to verify the consistency of the (— 1) F factor on the right-hand side of Eqs. (29)- 
(30): Suppose that the relation (29) holds when applied on a bosonic component (super)field, <E»: 

ni 1|n $ := [ D X _D 2+ D 1+ + (zd = )(z0 + )]$, 

= [D 1+ D 2+ D!_ + (id=)(id + )]*~0. (31) 

Applying the twisted operator, say, on the fermion (D 1+ <E») produces 

ni 1|n (D 1+ *) = [D 1+ D 2+ D 1 _D 2 _ - (icL)(i3 + )](D 1+ $), 

= -Di + [Di+D 2+ Di_ +(ia=)(i9 + )]# = -Di+IlJ. 1|11 *~0. (32) 

Note that by applying the superderivatives (3) on any one component (super)field one obtains all the 
other component (super)fields in a supermultiplet or their worldsheet derivatives. Then, proceeding 
in the manner (31)-(32), it follows that if a bosonic component (super)field in a supermultiplet 
is annihilated by IT^ 1 ' 11 , all bosonic component (super) fields are annihilated by the same II^ 1 ' 11 , 
whereas all fermionic component (super)fields are annihilated by the complementary II 11 ' 11 . 

A comparison of the relations (29)-(30) implies: 

Corollary 2.5 Boson/ fermion (white/black) node assignment flipping in an Adinkra is equivalent 
to its twisting, up to node rearrangement. 

Projections of the kind (27) — and their hallmark 4/c-gon relations (29)-(30) — have been explored 
and catalogued in Refs. [10,11] for the worldline supermultiplets; they are adapted to worldsheet 
supermultiplets and explored in more detail in the next section. 

Before we turn to that, considering the graphical details of the projection (27) we conclude: 

Corollary 2.6 When an Adinkra is rendered so as to exhibit the literal left-right ^-symmetry, 
the number of colors of the crisscrossing edges must be odd for the twisted variant of the 
projection to be inequivalent from the untwisted one. 

If the crisscrossing edges came in an even number of colors, the twisting (identifying the negative of 
the left-hand nodes with the right-hand ones) will flip the solid/dashed parity of the edges in those 
even number of colors. This can always be compensated by a judicious component (super)field 
sign-change, whereupon all edges incident to the sign-changing nodes change their solid/dashed 
parity. 

2.3.2 Complex Structure 

The Adinkras (18), (23) and (24) all depict equivalent worldline supermultiplets, but inequivalent 
worldsheet supermultiplets. The particular arrangement of (23) makes the horizontal twisted Z 2 - 
symmetry in these Adinkras obvious — as per specification in Corollary 2.4. In turn, the same 
structure is evident in the Adinkras (18) and (24) by the facts that: 
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1. the nodes and the edges of a chosen pair of colors form multiple copies of (11), 

2. nodes in any such copy of (11) are connected to the nodes of any other such copy by perfectly 
like edges (same color, same solid/dashed parity) of the remaining colors. 

When depicting worldsheet supermultiplets, the (2, 2)-Adinkras (23) and (24) are each other's 
D Q+ -H- D^_ mirror images, whereas the Adinkra (18) depicts a (3, l)-supermultiplet and its (1, 3)- 
supersymmetric mirror-pair. Using the complex basis a la (13), these Adinkras may be used to 
depict the supermultiplets that are also known as semi-chiral superfields [47,48] . For the (2, 2)- 
Adinkras (23)-(24), this has been demonstrated explicitly [33] by reading off the supersymmetry 
transformation rules from the Adinkras and comparing them with the superfield results. 

In the same manner, a complex structure is detected in the first and third (4, 0)- and (0, 4)- 
Adinkras in both their twisted and untwisted versons (14). With a little horizontal rearrangement, 
this can be made evident: 

mm 

(chiral) 

where now the bottom-row Adinkras satisfy the specifications of Corollary 2.4 and may be used 
to depict complex supermultiplets of (4, 0)- or (0, 4)-supersymmetry. Although these are not the 
(2, 2)-supersymmetry originally considered in Ref. [49,46] , we nevertheless adopt that terminology, 
much as it has been adopted for worldline supermultiplets in Refs. [9,14,10,11,12] . 

Finally, the (2, 2)-Adinkras (28) are identical with the right-hand half of the Adinkras (33), and 
so admit a conjugate pair of complex structures in just the same way. Thus, the (2, 2)-Adinkras (28) 
indeed depict the complex chiral and twisted chiral supermultiplets as well as their conjugates, which 
are also represented by the superfields of the same name, as introduced in Ref. [46] . 

2.3.3 Summary 

Table 3 summarizes the results of this section. In addition, off-shell supermultiplets of worldline 
(N < 4)-supersymmetry readily extend to worldsheet supermultiplets on the half-shell. For example 
by identifying D/ i— >■ D/+ and d T \-> d^, the two off-shell supermultiplets of (N = 2)-extended super- 
symmetry (10) and (11) extend to left-moving supermultiplets of worldsheet (2, g)-supersymmetry 
for arbitrary q > 0; these supermultiplets are on the half-shell, being annihilated by Dq_ and 
d= . The supermultiplets (10) and (11) also extend to right-moving supermultiplets of worldsheet 
(p, 2)-supersymmetry for arbitrary p > and are annihilated by D Q+ and . 

Completeness: The list presented in Table 3 provides a complete list of adinkraic off-shell and on- 
the-half-shell supermultiplets of various worldsheet (p, g)-supersymmetries, all of which are obtained 
by tensoring worldline (N < 4)-extended supersymmetry. The preceding then suggests: 
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Table 3: A list of off-shell and on-the-half-shell adinkraic supermultiplets of worldsheet (p, q)- 
supersymmetry constructed by tensoring supermultiplets of worldline TV-extended supersymmetry. 

Conjecture 2.1 (completeness) The application of Constructions 2.1, 2.2 and 2.3 together with 
the projections of the kind (27) — detailed in Section 3 — generates all (p, q)- Adinkras and so 
also all adinkraic off-shell worldsheet (p, q)-supermultiplets — for all p, q > 0. 

Redundancy: While Constructions 2.1, 2.2 and 2.3 together with the projections of the kind (27) 
certainly generate a number of (p, g)-Adinkras and corresponding worldsheet supermultiplets, some 
of these may turn out to be equivalent. This phenomenon has been noted in worldline supermulti- 
plets [11] , where a criterion for determining when that happens was also given. The phenomenon is 
likely to also occur amongst worldsheet supermultiplets for large enough p+q, and is clearly inherited 
verbatim in extensions to unidextrous (N, 0)- and (0, AQ-supersymmetry. Section 3.4 explores a few 
examples of this phenomenon amongst (p, g)-supermultiplets; the full extent to which this equiva- 
lence of supermultiplets with distinct Adinkras also extends to ambidextrous (p, g)-supersymmetry 
remains an open question for now. 

3 Supersymmetry and Error-Correcting Codes 

For AT > 4, certain adinkraic worldline supermultiplets admit Z 2 -symmetries and corresponding 
projections to smaller supermultiplets — akin to the projection described in (26)-(28). The action 
of such symmetries is encoded by error-detecting and error-correcting (binary) doubly even linear 
block codes [10,11], "DE-codes" for short. Herein, we explore their worldsheet analogues. 

3. 1 Encoding Worldsheet Supermultiplets 

Since component fields within a superfield are defined using the A^-cube of superderivatives such as 
in Figure 1 and (2), the component-wise identifications such as made in (27) must translate into 
identification relations among the component-defining superderivatives (3) and take the general 
form using the binary exponent notation (3)-(4): 

where x and x' have no common bit 9 : x A x' = = y A y' so the relations (34) would not 
induce purely worldsheet differential constraints (with neither D a+ nor D^_) on the component 

9 Herein, EH denotes bitwise addition (Xor), and A is bitwise multiplication (And). 
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(super)fields. Applying separately D x ' y or D x '' y ' from the left, we obtain superderivative relations 
that are, after clearing common factors, of the general form 

:= |[(i9 + )3l a l(^ = )||b| ± D a|bj _ Q (35) 

Such operators then provide the generalization of the hallmark 4fc-gon relations (29)-(30). A few 
remarks are in order: 

1. With engineering dimension homogeneity and Spin(l, l)-covariance, the split binary exponents 
a|b fully encode the operators (35) except for the (again binary) choice of the relative sign 
between the two summands in (35). 

2. The choice of the relative sign is called the twist, and coincides with the standard terminology 
such as in chiral vs. twisted-chiral superfields [46] ; see below, and Ref. [10] for the worldline 
variant of the statement. 

We now turn to explore these to features in more detail. 

Binary Encoding: Superdifferential operators such as (35) are quite familiar from the superspace 
formalism in 3+1-dimensional spacetime [1,4] . These are quasi-projection operators" 10 , in that they 
must be quasi-idempotent and mutually orthogonal: 

(nj b ) 2 = (^)5i a i(^ = )5i b inj b , and rrfn* |b = o. (36) 

The first of these conditions yields 

(irf ) 2 = J[(i<9 + ) |a| (id = ) |b| +D a|b D a|b ±2(^)2l a l(i,9 = )5l b lD a|b ], (37) 
which equals (i<9 = | = )^' a '(i<9 = )^' b ' n a ' b if and only if 

D a[b D a|b =+ (ia + )W( i a = )|b|_ (gg) 

Direct computation yields 

D a|b D a|b = ( _ 1 )H|b| (_!)('*') D 2oi A . . . A D £. . (.I)^ 1 ) D ^ A . . . A D ^ , 

= (-l)(' a| 2 |b| ) (id + ) |a| (id = ) |b| , (39) 
so that the first of the conditions (36) holds precisely if 

( |a| + |b| ) G 2Z. (40) 

The second condition (36) is then satisfied automatically. 

In turn, for the (super) differential operators (35) to be local, |a| and |b| must both be even, so 
that their sum is also even. From this, we have: 

( |a| + |b| ) & (|a| + |b|) G 2Z => (| x | + |y|) = (mod 4). (41) 

i0 Refs. [1,4] construct proper projection operators by formally dividing by spacetime derivatives. This 
is well denned only when acting on eigenfunctions of those spacetime derivatives with nonzero eigenvalues; 
herein we refrain from such on-shell restrictions. 
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That is, the binary exponent in (35) with digits ai, • • • , a p , bi, ■ • ■ ,b q must be doubly-even, and also 
split into even (not necessarily equal) parts: 

|a| + |b| = (mod 4), |a|, |b| = (mod 2). (42) 

For any desired system of identification relations (34), the corresponding system of quasi-projection 
operators (35) will consist of k independent 11 relations. The corresponding k split binary numbers 
(codewords) ft := (a|b)j then generate an even-split (binary) doubly even linear block (esDE) code, 
that consists of all binary linear combinations EBjCjft. 

This implies a refining of the DE codes of [10] : 

Corollary 3.1 When p, q ^ 0, only the DE code-encoded ^-symmetries that admit an even-split 
(esDE codes) define off-shell ^-quotient worldsheet (p, q) -supermultiplets. 

See Figure 4 below for a depiction of esDE codes for p+q < 8. 

Twisting: In the general case, there exist several (k) mutually commuting relations of the type (35); 
each defines an even-split binary number (codeword), ft = (a|b)j, which jointly generate an esDE 
code c )f. Each relation of the type (35) exhibits a choice of the relative sign, whereupon there 
exist 2 k different combinations of such quasi-projective operators, and correspondingly 2 k choices 
of self-duality type superderivative relations of the type (48). 

For worldline supermultiplets, the same abundance of sign-choices was shown to nevertheless 
result in only one untwisted-twisted pair of supermultiplets [10,11] — and only in cases where the 
total number of supersymmetries is iV = (mod 4). There exist two separate types of isomorphisms 
that so effectively reduce the number of inequivalent sign-choices: 

Outer: On the worldline — all N supersymmetry generators may be freely permuted. Graphically, 
all iV edge-color assignments may be freely permuted. Within a given model, this operation 
clearly affects all supermultiplets and so is global. 

Inner: The other employs the fact that changing the sign of a particular component (super)field 
induces a change in the sign of each superderivative of that component (super)field. Graphi- 
cally, every edge incident with the node representing the sign-changed component (super)field 
changes its solid/dashed parity. A judicious application of this operation alone can change 
the solid/dashed parity of edges of any even number of colors [10,11] . Within a given model, 
this operation may be performed on any one supermultiplet at a time and so is local to a 
supermultiplet. 

Within worldsheet (p, g)-supersymmetry, any permutation of supersymmetry generators must 
preserve Lorentz Spin(l, l)-covariance: the D Q+ may be permuted freely amongst themselves, as 
may the D^_, but there can exist no permutation that would mix the D a+ with the D^_. This 
restriction on the possible outer equivalence isomorphisms between the 2 h sign-choices in (35) may 
well, in general, prevent of transforming one (un)twisted projected supermultiplet into another. 

11 A collection of k relations (realized by quasi-projection operators) are independent if the imposition of 
any k—1 of them on any supermultiplet does not render the action of the /c th one trivial. 
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In turn, however, the inner equivalence isomorphisms within worldsheet with (p, g)-supersymmetry 
remain as free as they are within worldsheet supersymmetry, leading thus to the same conclusion 
as in Refs. [10,11] : 

Corollary 3.2 Only in case of p+q = OmodA and only for ^-projected supermultiplets does 
twisting produce inequivalent classes of supermultiplets, and precisely two of them. Their 
Adinkras differ in the solid/dashed parity of edges of an odd number of colors. 

Extending from Worldline to Worldsheet: The above results may be rephrased in terms of extending 
the worldline constructions and classification of adinkraic off-shell supermultiplets in Ref. [10,11,12] 
to worldsheet supersymmetry as follows. Let c € be a DE [N; fc]-code, that is, a collection of iV-digit 
binary numbers that are all: 

1. doubly even (the sum of digits is divisible by 4), 

2. closed under bitwise binary addition (EB, i.e., Xor), 

3. binary linear combinations of some k generators . 

The ambidextrous extension of ^ and its use in projecting worldsheet supermultiplets — as was 
the case in (27) — requires that we split the N worldline supersymmetries into p left-moving and 
q = (N—p) right-moving supersymmetries in such a way that the corresponding left portion and the 
right portion of each codeword in ^ is even. It follows that both the left and the right portions of 
the codewords separately form (simply) even binary linear block codes. Such a splitting 

DE [N; k}-code — > esDE [p, q; fc']-code f, k' < k. (43) 

may turn out to be: (l) impossible, (2) unique, or (3) multiple, for any given [N; fc]-code and any 
desired extension (5p 1|JV — > &p~' llP ' N v = Qp 1 ^ <g> ©p!!^ P . 

Consider now the special case of (35), when b = 0: 

irf := i[(^)^ |a| ± D a l°] ~ 0. (44) 

These quasi-projection operators are evidently the unidextrous {Dj,d T } h-> extension 
mapping of the worldline quasi-projection operators employed in Ref. [10,11,12]. Thereby, the 
classification therein translates verbatim into a classification of one of the following two: 

1. Ambidextrous supermultiplets of unidextrous worldsheet (N, 0)-supersymmetry, where there 
exist no D^_-superderivatives, so that annihilation by d = is not implied and such supermul- 
tiplets are free to be off-shell. Such supermultiplets are constructed by means of projecting 
the result of Construction 2.3 using the quasi-projection operators (44). 

2. Unidextrous supermultiplets of ambidextrous worldsheet (N, g)-supersymmetry are constructed 
by means of projecting the result of Construction 2.2 using the quasi-projection operators (44), 
and for arbitrary q. Such supermultiplets are annihilated by the Da--superderivatives and 
therefore also by d= , and so are on the half-shell. 

The parity mirror-images of these constructions are evidently obtained by means of the unidextrous 
{Di,d T } i — y {D^_,<9=} extension mapping instead. 
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3.2 Supermultiplet Reduction 

While quasi-projection operators (35) permit reading off the esDE code, the complete and strict iden- 
tifications that hold on a projected supermultiplet are not generated by the quasi-projectors (35), 
but by self-duality type relations of the form (34), where n±,n' ± have been chosen to be minimal, 
typically zero. This subtlety has been detected already for worldline supermultiplets [12] , and 
becomes only more prominent for worldsheet supermultiplets. We thus have: 

Definition 3.1 Let an even-split doubly even code 'Jjf be generated by k generators (a|b)j, with 
i = 1, • • • , k. Then, to each generator (a|b); i = 1, • • • , k there corresponds a system of "self- 
duality" superdehvative operators 

S i.).|lL ;= =•= (J|^|)T (i|b|)! £ a- /9 "' £ a..f'"^p+ " ' • •] (45) 

where the indices a, (3, . . . range over those values at which positions the binary number a has 
1 's, and the range of values for a, $, . . . is similarly determined by the 1 's in b; see, e.g., (48). 

To see the need for the operators (45), consider the example (29), rewritten in lexicographic 
order: Applying D 1+ from the left 12 , we obtain 

D 1+ ■ (D 1+ D 2+ D 1 _D 2 _ ~ d = 3^j z'<9 + D 2+ D 1 _D 2 _ ~ <9 = <9 + D 1+ . (46) 

Applying now Di_ produces: 

D x _ ■ (i9 + D 3+ D 1 _D 2 _ ~ 9 = 9 + D 1+ ) => -i9 + D 2+ (i5 = )D 2 _ ~ —d=dj F 'D 1+ ~D 1 _, 

a + a = D 2+ D 2 _ ~ -a + a = D 1+ D!_. (47) 

Of these conditions, (46) is vacuous on right-moving functions on the worldsheet, and (47) is vacuous 
on harmonic functions. Thus, attempting to reduce a supermultiplet by imposing the hallmark 
quasi-projections (29) would not result in a proper off-shell supermultiplet, being defined only up 
to fully unrestricted unidextrous and harmonic summands in many of its component (super)fields. 

Following [12] , the necessary proper conditions are then generated from the "self-duality" re- 
lations (45). For the c? 22 even-split doubly even code, which has a single generator, 11 1 11, the 
"self-duality" operators are: 

:= D 1+ Dx_ + D 2+ D 2 _ ~ and E^ 11+ := D 1+ D 2 _ - D^D^ ~ 0, (48) 

meaning that these operators annihilate component (super)fields in any <i 2j2 -projected supermulti- 
plet. Applying D i+ and then Di_ on the first of these then results 

D^-Dx+.S;;; 1 ^ = Dx_-D 1+ - [Dx+D^ + D 2+ D 2 _] = Dx_- [(id + )D!_ + D 1+ D 2+ D 2 _] , 

= [(za + )(za = ) + D 1+ D 2+ D!_D 2 _] = u i ; ll \ (49) 

I2 Since such relations by definition hold when applied from the left on superfields, any additional operator 
must be applied from the left. 
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the vanishing of which is equivalent to (29). Similar manipulations show that the two operatorial 
relations (48) are both mutually consistent and consistent with (29). 

Applying the relations (48) on the supermultiplet (22) to reduce it does produce an off-shell 
supermultiplet, albeit in a rather unexpected way. The operators (48) evidently produce identi- 
fication relations within (22) only from the middle level upward. To be precise, by applying one 
superderivative from left at a time, the generating relations £ produce: 



D-relation 




Comp. Field Relation 


D 1+ D x _ 
Di+D 2 _ 


- D 2+ D 2 _ 
~ -D 2+ D!_ 




F n 
F12 


^ F 22 
~ -F 21 


-i<9 + Di+ 
— D1+D2+D1- 

D 1+ D 1 _D 2 _ 


~ D 1+ D 2+ D 2 _ 
~ -D 2+ D!_D 2 _ 
~ id^ D 2 _ 
~ -id^D 2 + 




— "1- 


— —2- 

— "2+ 

~ —id= ^2+ 



(50) 



d + d = 



-D 1+ D 2+ D 1 _D 2 . 
-z<9 = D 1+ D 2+ 



d + d = <$> 



-7 

-d = F + 



These identifications may be traced to be body-diagonal within the Adinkra (22). The first two 
of the component (super)field identifications (50) simply identify two pairs of component super- 
fields; the next five express the five component superfields (Et_,E^_;.F) in terms of derivatives of 
component (super)fields of lower engineering dimension. 

However, the last relation, d^F = ~ — cLF^ — instead of identifying a linear combination of 
the existing component (super)fields and F = — may be "solved" in terms of a new component 
(super)field: 

<9 + F = ~-<9 = F + => F + = <9 + f & F = =-<9 = f. (51) 
These identifications are depicted in Figure 3. In the second, cut Adinkra, the highlighted 4 th and 




/ r\ 2>OsSr^ i t f \ t (d4t)v f % % (d=f)\ 




1 int. 




o o o 





tch. 



Figure 3: The effects of imposing E^{i + ~ ~ S^-"*" on ^ e intact (2, 2)-supermultiplet. 



11|1H 



6 (previously) middle-level nodes from the left change signs, whereupon the incident edges change 
their solid/dashed parity as shown in the third Adinkra. Upon this, the 4 th and 5 th node from left 
in this row are identified with the 3 rd and 2 nd node, respectively. 

The 1 st and the 6 th (previously) middle-level nodes are shown grayed as they are related by a 
worldsheet differential condition, rendering both of them a derivative of a boson which is in the 
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final, right-most rendition represented at the bottom level, and labeled "f " . Thus, part of the self- 
duality type relations (48) in effect imply not an identification of two component (super)fields with 
each other, but with worldsheet derivatives of a new component (super)field of lower engineering 
dimension; this is depicted by the simultaneous (l) fusion of two nodes and (2) lowering of the 
resulting node. 

Therefore, imposing 

either ~ ~ or Eggi" ~ ~ Eggi" (52) 

on the intact supermultiplet (22) is necessary and sufficient: it generates all the requisite rela- 
tionships between the component superfields so as to reduce the off-shell supermultiplet (22) into 




Ul|ll 

J i+i- 

Ul|ll 



twisted 
chiral 




(53) 



chiral 



Upon flipping the signs of ^ , 2- ) F 11 and F 12 in the twisted chiral Adinkra, and of Fn and F 12 in 
the chiral Adinkra, these become identical to those shown in (28). 

In the analogous worldline construction, there exist three self-duality type relations, 



yllll+ ._ 

^12 



D!D 2 + D 3 D 4 ~ 0, 



and 



^13 



(54) 



D1D3 - D 2 D 4 ~ 0, E^ il+ := DxD 4 + D 2 D 3 ~ 0. 
With the mapping {Di, D 2 , D 3 , D 4 } i-> {Di + , D 2+ , Di_, D 2 _}, it is clear that the first of these, 

putative := D1+D2+ + Dx_D 2 _ (55) 

would violate Spin(l, 1) Lorentz symmetry, and so cannot be used. Nevertheless, as the analy- 
sis (48)-(53) shows, the remaining self-duality type constraints that are Spin(l, l)-covariant do in 
fact generate precisely the required identifications to reduce the intact off-shell supermultiplet (22) 
to a "half-size" off-shell projection (53). It seems reasonable to expect that this generalizes to all 
esDE codes: 



Conjecture 3. 1 Given an esDE code "ijf with k generators, the corresponding maximal set of 
linearly independent and Spin(l, l)-covariant self-duality type relations — as given in (34) and 
with minimal n±,n' ± — reduce the intact supermultiplet to one of its 2~ k -sized ^-encoded (Z 2 ) fc - 
quotients, together with requisite instances of u node-lowering," as in (51). 



Now, on the worldline, the supermultiplet obtained by reducing the intact supermultiplet via 
imposing the self-duality relations (54) on it is indeed a sub-supermultiplet of the original intact 
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supermultiplet: 




The quotient VmtJ n{}A' tch ) is well known to represent the 1-dimensional dimensional reduction of 
the off-shell vector supermultiplet of simple (N = 1) supersymmetry in (3+l)-dimensional space- 
time, and in the Wess-Zumino gauge [12] . 

However, in stark contrast with this worldline result, the worldsheet off-shell supermultiplet 
obtained by reducing a supermultiplet by means of imposing self-duality constraints of the type (45) 
need not be a strict sub-supermultiplet of the initial off-shell supermultiplet, in the sense of the 
definition [11] . It is evident from considering the initial and final Adinkra in Figure 3, that the 
mapping from the reduced (twisted chiral) supermultiplet to the intact supermultiplet 




is local, but its inverse, shown in Figure 3 is not. The quotient Mint. tch.) is then evidently not 
an off-shell supermultiplet, the mapping k is not a strict homomorphism of off-shell supermultiplets, 
and Mtch. t M int. • 

3.3 Some Low-(p, q) Split Codes 

We consider some of the lower values of p+q, and the possible extension of the worldline supermul- 
tiplet projections to their analogue within worldsheet (p, g)-supersymmetry. The 4fc-gon graphical 
method of Ref. [14] may be adapted to determine the possible ways of splitting the DE codes, and 
the result for p+q < 8 is shown in Figure 4. 

Maximal Projections: Already the p+q < 8 listing, presented graphically in Figure 4 and detailed 
below, reveals a feature of maximal esDE codes that is unlike the maximal DE codes as used in 
Refs. [10,11,12] ! The number of generators of maximal DE codes equals 

{0 forN< 4, 

for N = 4, 5, 6, 7, (58) 
x(N— 8) +4 for A^ > 7, recursively, 
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p+q = 4 



: ii mi m 



D 1+ D 2+ D 3+ D4+ 



D 1+ D 2+ D 1 _D 2 _ 



M ° M 



D 1+ D 2+ D 1 _D 2 _ 



The superderivatives corre- 
sponding to a few codes are 
shown directly beneath the 
graphical representation of 
the code. These define quasi- 
projectors (35) and so also the 
"self-duality" relations (45). 



M 



D1+D2+D1-D2- 
D 2+ D 3+ D 2 _D 3 _ 




M Ml° M,> M 




o 
o 




D 1+ D 2+ D 3+ D 4+ 
D 3+ D 4+ Di_D 2 _ 
Pi + D 3+ Di_D 3 _. 
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M M 





Figure 4: A graphical method (depicting (35)-type hallmark 4/c-gon relations) for finding maximal 
split doubly even binary linear block codes for 4 < {p+q) < 8. Warning: The 4A;-gon colors are 
independent of edge-colors in Adinkras and serve merely to distinguish the hallmark 4/c-gon relations: 
here, black vertices depict the D a+ 's and the white ones the D^,_'s — or the other way around. 



and depends only on N, the length of the codewords [10] . In turn, for any DE [N, k]-code ff, 
the chromotopology of a ^-projected supermultiplet is I N /{Z 2 ) k and it has 2 N ~ k component (su- 
peracids, half bosonic and half fermionic. Consequently, supermultiplets projected by maximal 
DE-codes have 2 N ~* e ( N ^ component (super)fields and so are minimal off-shell supermultiplets of 
TV-extended worldline supersymmetry. 

In constrast, Figure 4 and the listing (68)-(72) below show that the number of generators in 
maximal esDE codes varies for a fixed p+q, and depends on the {p, g)-split. In particular, for a 
specified (p, g)-supersymmetry, there exist maximal esDE codes which are not a split of a maximal 
DE code, but of a sub-code. Consequently, the total dimension of a minimal, ^-projected off-shell 
worldsheet supermultiplet is on several occasions strictly larger than 2 p+q ^^ p+q \ 

Decomposing: In the projection (27), the graph identification may be taken to either identify the 
corresponding component (super)fields on the left-hand half with the component (super)fields on 
the right-hand half, or the negatives thereof. The two resulting "half-sized" supermultiplets are 
distinct — see (65) below. In general, the so-obtained "half-sized" supermultiplets may in fact be 
inequivalent as (65) are, or may turn out to be equivalent through a redefinition of the basis for 
the component (super)fields and/or the superderivatives, i.e., the supersymmetry generators. For 
worldline supersymmetry, Ref. [11] provides an algorithm to resolve this question on a case-by- 
case basis; this may have to be revised for application to supermultiplets of worldsheet {p, q)- 
supersymmetry with p, q ^ 0. 

Indeed, a supermultiplet that can be so projected to two "half-sized" supermultiplets is said to 
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be decomposable, and (27) demonstrates that this is equally possible for worldsheet supermultiplets. 
See the Appendix for the details of this decomposition. 

We now read the esDE codes from the graphics in Fig. 4 in turn, and discuss the implications for 
worldsheet supermultiplets, and so provide a listing of them for worldsheet (p, g)-supersymmetry 
with p+q < 8, employing to the above-derive constraints. 

p+q=4: For the worldline 4-extended supersymmetry, there is only the <i 4 code, generated by the 
single codeword, 1111. There are then only two possibilities: 

1. The unidextrously split d 4i0 , for the unidextrous worldsheet (4, 0)-supersymmetry or its parity- 
reflection, g? ,4 for worldsheet (0, 4)-supersymmetry. A cLi^-projected (4, 0)-supermultiplet 
must be annihilated by one of the two operators: 

[(^ + ) 2 + D 1+ D 2+ D 3+ D 4+ ] or [{id%) - D 1+ D 2+ D 3+ D 4+ ] , (59) 
or, equivalently, by the systems 

[D a+ D^+ - ^ Q / 5 D 7 +D fe+ ] or [D a+ D^+ + ^ a / 5 D 7+ D b+ ] . (60) 

Stated another way, on any of the components of a o^o-projected supermultiplet, the action of 
D 1+ D2 + D 3+ D4_|_ is indistinguishable from either +#L or — dl. This then imposes component 
(super)field identifications of the type 

D 1+ D 2+ D 3+ D 4+ $| = or D 1+ D 2+ D 3+ D 4+ $| = -<9j$|, etc. (61) 

The analogous holds for a <i ,4-projected (0, 4)-supermultiplet. Thus, the c/ 4 -projected world- 
line 4-extended supermultiplets can extend both to unidextrous worldsheet (4, 0)-supersym- 
metry and to (0, 4)-supersymmetry simply by reinterpreting, say, d T — > and Dj — > D a+ . 

2. The ambidextrous split, <i 2i2 f° r worldsheet (2, 2)-supersymmetry. rf 2 ,2-P r ojected (2, 2)-super- 
multiplets must be annihilated by one of the two operators: 

[d + <9 = + D 1+ D 2+ D!_D 2 _] or [d + d = - Di+D 2+ Di_D 2 _] , (62) 
or, equivalently, by the systems 

[D^D^ + |e/D 2+ D^ J or [D 1+ D A+ - \e^V 2+ D- p _] . (63) 

Stated another way, on any of the components of a <i 2i2 -projected supermultiplet — such as (28) 
i.e., (53), the action of Di + D 2+ Di_D 2 _ is indistinguishable from one of ^d^d=. This then 
imposes component (super)field identifications of the type 

Di + D 2+ D!_D 2 _$| = -d + d=#|, or Di + D 2+ Di_D 2 _$| = +9 + 9 = *|, etc. (64) 

The (2, 2)-Adinkra (28) depicts such multiplets. As discussed in Ref. [11] and above, this 
graph admits a "twist," whereby the solid/dashed parity assignments of the edges of an 
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odd number of colors is flipped; (28) and its so twisted version are equivalent (by sending 
D 2 _ -)• -D 2 _): 




but usefully distinct: although the transformation D 2 - — > — D 2 _ maps one into the other, 
when used jointly in a model, their coupling provides for features not describable with only 
one or only the other [46] . 
3. None of the (1, 3)- and (3, l)-supermultiplets admits a projection. Conversely, none of the d±- 
projected supermultiplets of worldline 4-extended supersymmetry extend to worldsheet either 
(1,3)- or (3, l)-supersymmetry. 

To summarize, the minimal off-shell supermultiplets 

1. of (4,0)- (0, 4)-supersymmetry have 4+4 components and are depicted in (14); 

2. of (3, 1)- and (1, 3)-supersymmetry have 8+8 components; 

3. of (2, 2)-supersymmetry have 4+4 components and are depicted in (28). 

It is gratifying that the last case recovers the well-known chiral and twisted chiral supermulti- 
plets — and their complex conjugates, as specified in Corollary 2.4. 

p+q=5: For the worldline N = 5-extended supersymmetry, there is only the d±@ti DE code, where 
the t n summand denotes the trivial (empty) code of length n, i. e., the binary codeword • • • with n 
zeros. This denotes the fact that the fifth supersymmetry generator is not involved in any hallmark 
4/c-gon relation. For p+q = 5, there are three maximal split codes 13 (see Figure 4): 

<*4,0©fl,0 = [ 11110 l], ^4,0 © ^0,1 = i 1111 ! ], ^2,2 0*1,0 = MH, (66) 

respectively, for worldsheet (5,0),- (4,1),- and (3, 2)-supersymmetry. These are all depicted by 
means of a tensor product Adinkra such as: 




The first two of (66) are straightforward extensions of the N = 5 worldline ^-projected supermul- 
tiplet to the worldsheet (5, 0)- and (4, l)-supersymmetry, respectively, where: 

1 14 

1. the Adinkra A\ is depicts a representation of &p + (could be any one of the 8 iV = 4 inequiv- 
alent Adinkras listed in (14) and their boson/fermion flips), 

I3 The trivial code t Ptq consists of only the split binary codeword with p+q zeros: • • • 0|0 • • • 0. 
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2. the fifth edge-color and A2 depict either the D 5+ - or the Dx.-action for either the unidextrous 
(5, 0)- or the ambidextrous (4, l)-supersymmetry, respectively. 

1,1 |2,2 

In the third case, 0^,2 © ti,o for (3, 2)-supersymmetry, Ai depicts a representation of &p ' 
(could be any one of the Adinkras (21), (23), (24), (28) and their boson/fermion flips) with the 
assignments, say: red = D 1+ , green = D 2+ , blue = D]_, , whereupon, say, purple = D 3+ . 

Lastly, any off-shell supermultiplet of the unidextrous (5, 0)-supersymmetry may always be 
extended to a left-moving (unidextrous) supermultiplet of the ambidextrous worldsheet (5, q)- 
supersymmetry, for arbitrary q\ all such supermultiplets are on the half-shell, i.e., are annihilated 
by d= . As this can always be done with off-shell representations of (p, 0)- and (0, g)-supersymmetry, 
it will no longer be pointed out explicitly. 

Thus, minimal supermultiplets of (p, 5— p)-supersymmetry all have 8+8 components, for all 
choices < p < 5. Recall however that there do exist adinkraic supermultiplets with 16 bosonic 
and 16 fermionic component (super)fields that do not decompose into direct sums of minimal su- 
permultiplets, the prime example being the straightforward, (p, 5— p)-supersymmetric generalization 
of (21). 

It is quite evident that the resulting Adinkra (67) is 1-color-decomposable, since deleting the 
purple, D3_-edges decomposes the Adinkra. However, when deleting edges of any color other than 
the fifth one (purple), one must delete edges of two colors for the Adinkra to decompose — since the 
the factor- Adinkra Ai is 2-color-decomposable. 

p+q=6: For the worldline N = 6-extended supersymmetry, d 6 is the maximal DE code. For p+q = 
6, there are four maximal split codes (see Figure 4): 



Supersymmetry: 


(6,0) 


(5,1) 


(4,2) 


(3,3) 


Maximal Code: 


de,o 
"111100 
001111 


<^4,0 © ^1,1 
[llllOO] 


1111 
0011 


2 

00" 
11 




d : 

"110 
011 


,3 

no" 
011 


Minimal Dim.: 


(8|8) 


(16|16) 


(8|* 




(8 


8) 



(68) 



Notice that the minimal supermultiplets of the unidextrous (5, 1)- and (1, 5)-supersymmetry have 
16 + 16 component (super)fields, as opposed to the half as large, 8 + 8 component (super)fields of 
the other (p, 6— p)-supersymmetry cases. 

For illustration, a minimal G^-projected off-shell supermultiplet of worldsheet (3, 3)-supersym- 
metry may be constructed by decomposing, in the manner of (27), the tensor product of two N = 3 
valises: 




Since the d 3:3 code has two generators, the "/d 3 3 " annotation denotes a <i 3i 3-encoded (Z 2 ) 2 -quotient, 
which reduces the (4|4) <g> (4|4) = (16|32|16)-dimensional tensor product (3, 3)-Adinkra (not shown 
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in (69)) to the (4|8|4)-dimensional one shown. Conceptually, this is the (3, 3)-supersymmetric 
generalization of the (2, 2)-supersymmetric construction (25)-(28). The analogous o^-quotient 
(4, 2)-supermultiplet is obtained in a similar way: 




A- /d A ,2 




(70) 



Note that the left-hand factor in the tensor product is already a d 4i0 -quotient, so that this subcode 
d^o C g? 6j 2 acts trivially when passing to the final result in (70). 

Clearly, there exist many (16 + 16)- and (32 + 32)-dimensional representations which do not 
exhibit two commuting Z 2 -symmetries — because of the vertical positioning of the nodes — so as to be 
so decomposed. The simplest example is the intact supermultiplets, which are the straightforward, 
(p, 6— p)-supersymmetric generalizations of (21). These supermultiplets are reducible, in that they 
may be reduced to smaller supermultiplets by means of (now two mutually commuting sets of) 
self-dual type relations such as (45) and akin to the procedure shown in Figure 3. These smaller, 
reduced supermultiplets always have a higher n-color-decomposability than the bigger ones, prior 
to the reduction. 

p+q=7: For the worldline N = 7-extended supersymmetry, e 7 is the maximal DE code. For p+q = 
7, there are four maximal split codes (see Figure 4): 



Supersymmetry: (7, 0) 



(6,1) 



(5,2) 



(4,3) 



Maximal Code: 



^7,0 
1111000 
0011110 
1010101 



d, 



6,0 



H,2 



'1,0 



e4,3 



111100 
001111 



01111 00 
00011 11 



Minimal Dim. 



(16|16) 



(16|16) 



1111 


000 


0011 


110 


1010 


101 


(8| 


8) 



(71) 



Recall that there do exist adinkraic supermultiplets with up to 64 bosonic and 64 fermionic com- 
ponent (super)fields that do not decompose into direct sums of minimal supermultiplets. The sim- 
plest example is the intact supermultiplets, which are the straightforward, (p, 7— p)-supersymmetric 
generalizations of (21). These supermultiplets can be reduced by means of the self-duality type 
equations such as (45). 

p+q=8: For the worldline N = 8-extended supersymmetry, e§ is the maximal DE code. For p+q = 
8, there are five maximal split codes (see Figure 4): 



Supersymmetry: 


(8,0) 




(7,1) 


(6,2) 


(5,3) 


(4,4) 


Maximal Code: 


^8,0 
"11110000 
00111100 
00001111 
.10101010 






e 7i0 © t 

" 1111000 
0011110 
1010101 


0,1 

o" 







d 6 ,2 

" 111100 
001111 
000011 


00" 

00 

11 




hp © 

"11110 
01010 
00110 


ti,i 

000 " 

101 

110 




e 4 
"mi 

0011 
0000 
.1010 


,4 

0000" 
1100 

1111 

101 . 


Minimal Dim.: 


(8|8) 




(16|16) 


(16|16) 


(16|16) 


(»I8) 



(72) 
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For illustration, a minimal e 4j4 -projected off-shell supermultiplet of worldsheet (4, 4)-supersymmetry 
may be constructed by decomposing, in the manner of (27), the tensor product of two N = 4 valises: 




/e 4 ,4 

llllllllllllllll^^ 




(73) 



Since the e 4j4 code has four generators, the "/ e 4,4" quotient denotes a e 4)4 -encoded (Z 2 ) 4 -quotient. 
However, both factors in the tensor product are already <i 4) o,- i-e., c? 4 -quotients, respectively. These 
subcodes 



<i 4 ,o,do,4 C e 4 , 4 : [im|oooo] © [oooo|im] c 



"1111 


0000" 


0011 


1100 


0000 


1111 


.1010 


101 . 



(74) 



therefore act trivially in passing to the final quotient in (73). Thus, the (4|4) ® (4)4) = ( 16 1 32 1 16)- 
dimensional tensor product (4, 4)-Adinkra (not shown in (73)) is reduced only by the (Z 2 ) 2 -quotient 
encoded by the two generators of e 4i4 / (0^0 + ^0,4); producing the (4|8|4)-dimensional Adinkra shown. 

It is worth noting that in the Adinkra (73), the factor A + is chiral and A- is twisted-chiral, 
as can be verified by checking the hallmark 4fc-gon relations (29)-(30); these relations remain valid 
in the final quotient of the tensor product (4, 4)-Adinkra. By transforming D 4 _ — > — D 4 _, A~ is 
turned into a chiral Adinkra, and the tensor product (4, 4)-Adinkra also changes into its twisted 
variant; an equivalent result is obtained by transforming D 4+ — >■ — D 4+ , which turns A + into a 
twisted-chiral Adinkra. In fact, the simultaneous change (D 4+ ,D 4 _) — > (— D 4+ , — D 4 _) can always 
be compensated by a judicious sign-change in some component (super)fields, and so leads to an 
equivalent supermultiplet. 



As before, there exist adinkraic supermultiplets with up to 128 bosonic and 128 fermionic com- 
ponent (super)fields that do not decompose into direct sums of minimal supermultiplets, the prime 
example being the intact supermultiplet, which is the straightforward, (p, 8— p)-supersymmetric 
generalization of (21). These supermultiplets can be reduced by means of the self-duality type 
equations such as (45). As before, iterated Z 2 -projection increases n-color-decomposability, and it 
is not hard to see that the end result in (73) is 4-color-decomposable. 

Automatic supersymmetry extension: A comparison of (73) with (70) demonstrates the fact that 
the G? 4j2 -projected 8 + 8-component supermultiplet may be obtained from the e 4j4 -projected one by 
simply "forgetting" the D 3 _- and D 4 _-supersymmetries, i.e., by the (4,4) — » (4, 2)-supersymmetry 
(fermionic dimensional) reduction. Conversely, the e 4)4 -projected (4, 4)-supermultiplet (73) may be 
regarded as a (fermionic dimensional) extension of the d 4j2 -projected (4, 2)-supermultiplet (70). 

It has been a long-suspected property of certain lower-supersymmetric systems that they always 
and automatically admit certain higher supersymmetries. For example, Ref. [50] recently found 
that (N = 5)-supersymmetric models on the worldline constructed with certain supermultiplets 
are always in fact fully (N = 8)-supersymmetric, to which end thousands of candidate Lagrangian 
counter-terms had to be checked. 

A similar and in fact quite a bit broader conclusion can be drawn from the comparison of (70) 
with (73) — without ever constructing a Lagrangian! It is evident from the projected tensor structure 
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of both (70) and (73) that the only possible rearrangements of the heights of the nodes in these 
supermultiplets that avoids the obstruction discussed in Ref. [33] always yield supermultiplets that 
are either equivalent to (70) and (73), respectively, or their boson/fermion flips. Consider now any 
(N = 6)-supersymmetric Lagrangian constructed from any arbitrary number of supermultiplets of 
the type (70). Including the 7 th and 8 th supersymmetry does not change the sink- and source- 
subsets [9] of nodes in these supermultiplets, nor does this change the effective symmetries of these 
supermultiplets, detected in the manner discussed in Ref. [43] . It then follows: 



Corollary 3.3 Reducing the (4, 4) -supersymmetry to (4, 2) -supersymmetry does not afford any 
new Lagrangian counter-terms constructed from supermultiplets of the type (73) and the bo- 
son/fermion Hip thereof. Conversely, any (4, 2)-supersymmetric Lagrangian constructed from 
any number of supermultiplets of the type (70) — and the boson/fermion Hip thereof — is auto- 
matically (4, 4)-supersymmetric. 



In fact, the same pertains to (4, g)-supersymmetric models with q = 1, 2, 3 using off-shell supermul- 
tiplets depicted by the Adinkras: 







(75) 



(4, l)-susy 



(4, 2)-susy 



(4, 3)-susy 



(4,4)-susy 



Any (4, g)-supersymmetric Lagrangian constructed from any number of supermultiplets of the 
type (75) — and the boson/fermion flip thereof — is automatically (4, 4)-supersymmetric. 



3.4 Worldsheet Adinkra Degeneracy 1 

Ref. [11] shows that worldline supermultiplets with different chromotopology may nevertheless be 
equivalent, and provides both a criterion for this to happen and an explicit isomorphism. Whereas 
this type of equivalence evidently extends to chiral worldsheet (N,0)- and (0, iV)-supersymmetry, 
it is nontrivial to deterimine under what circumstances — and if at all — this type of equivalence can 
extend to ambidextrous worldsheet (p, g)-supersymmetry. 

As an example, consider the worldsheet (8, 2)-supermultiplets with the chromotopology 



N.2 



VS. 



/ 8 '7(e 8 ,, 



t 



0,2 J 



(76) 



where to,2 = is the trivial code of length 2, i.e., 00. The explicit proof of the supermultiplet 
equivalence [11] starts with so-called valise supermultiplets, which are in 1-1 correspondence with 
the known representations of Clifford algebras. Since in such Adinkras all bosonic nodes are on one 
level and all fermionic on another level, any attempt at an extension to any ambidextrous worldsheet 
supersymmetry would be ruled out by the twin theorems of Ref. [33] and the consequent extension 
criterion. Furthermore, we also have that 



/ 8 '7Ko ©t , 2 ) = (I*/e B )+ ® (J7fe)- = (I7eg) + ® (I 2 )- 



r 8,2 



(77) 
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is a left-right tensor product worldsheet representation as obtained in Construction 2.1, whereas 
/ 8 ' 2 /<i 8 ,2 is not, making an isomorphism unlikely. Nevertheless, in view of the somewhat surprising 
equivalence mapping discovered in Ref. [11] , it behoves to explore this a little further. First, akin 
to (25), we construct 



(/ 8 /e 8 ) + ® (I 2 )- = 




where generators of the e 8 code in the left factor are found by tracing (closed) hallmark 4-color 
tetragons; a convenient basis is given by: 



(79) 

o 

and the product results in 



L 0,2 



11UU 11UU 

01100110 
00110011 

1111 mm 



UU 

00 
00 




where the e 8 code encodes relations entirely amongst the D Q+ . 

On the other hand, / 8,2 /^8,2 is not a tensor product but a quotient thereof, since the g? 8j2 code 
involves all the D a+ ,D^_. However, a d 8t0 subcode encodes relations entirely amongst the D Q+ , 
whereupon a fourth generator must encode the mixed G?2,2-type relations such as (48). Thus, we 
can construct 



(/ 8 /ci 8 ) + ®(/ 2 )- = 




and then impose that final, mixed relation to obtain 




in direct analogy with (69), (70) and (73): the dg,o subcode of <i 8 2 acts trivially on the factors, but 
the ^2,2 — ^8,2/^8,0 P ar t ac ts non-trivially and produces the resulting Adinkra. Tracing (closed) 
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hallmark 4-color tetragons in the left-hand factor of the product (81) a convenient basis is given 
by: 



11001100 
01100110 
00110011 



(4,0 © t , 2 ) C e 8i0 



11001100 


00 


01100110 


00 


00110011 


00 


11110000 


00 



(83) 



where the subcode relationship is easily spotted by comparing the 4fc-gon diagrams at the far ends. 
A final, fourth closed hallmark 4-color tetragon may be found in (82) to correspond to 10001000|11, 
thus giving a convenient basis 



d 



8,2 



11001100 


00 


0110 0110 


00 


00110011 


00 


0001 0001 


11 



m m 



(84) 



Again, the relationship between e 8j o, d 8>2 and the common subcode d S)0 © t ,2 is easily spotted on 
comparing the 4fc-gon diagrams in (83) and (84). In terms of superderivatives, we have that 



a\ - D 1+ D 2+ D 5+ D 6+ 
02 - D 2+ D 3+ D 6+ D 7+ 
d\ - D 3+ D 4+ D 7+ D 8+ 



3 



Di + D 2+ D 3+ D4 + 



in (80), 



vs. 



c's.o 



Di + D 2+ D 5+ D 6+ 
d\ - D 2+ D 3+ D 6+ D 7+ 
d% - D 3+ D 4+ D 7+ D 8+ 
_&t=d= - D 4+ D 8 +Di_D 2 _ 



in (82), 



J5) 



d-8,2 



so that the two are seen to differ only in the fourth generating hallmark superderivative relation, 
depicted in blue in the 4/c-gon diagrams (83) and (84). 

The isomorphism between (80) and (82) is now constructed [11] by changing the component 
(super)field basis of (80): Seeing that the fourth generator of the e 8i0 code, [c$— D 1+ D 2+ D 3+ D 4+ ], 
does not produce a closed quadrangle in the Adinkra (82), but maps any component (super)field 
into the one obtained by following the formal action of the formal operator 



gllll0000|00 ._ /j-j 



i+J 



(D 2 



(D 3 



(D4+) 



±i 



(86) 



where, say, (D 1+ ) _1 indicates following D 1+ "in reverse," i.e., finding the pre-image of D 1+ . That 
is (D 1+ ) _1 denotes the component (super)field — or a linear combination thereof — upon which 
the application of Di+ produces (p. The powers in the definition (86) are chosen depending on the 
component (super)field upon which the operator is acting, and so that the path of the corresponding 
edges remains in the given Adinkra. 

For example, if we start with the leftmost lower node, applying d 1111000 °I 00 one factor at a time, 
we identify the highlighted path: 




(87) 



Notice that the initial and the final node are at the same height, i.e., the corresponding component 
(super)fields have the same engineering dimension. They also have the same spin, since 



spin [D 1111000 °l 00 



i) + (+!) + (-!) + 

35 



+ spin[ 



spin[0]. 



(88) 



It is not hard to verify that the same is true for any other starting node in (82). This makes 
the linear combination of any component (super)field and its D 11110000 ' 00 -image consistent with 
both engineering dimension homogeneity and Spin(l, 1) Lorentz-covariance. Finally, since the D's 
anticommute with supersymmetry generators, the mapping defined by D 11110000 ! 00 is manifestly 
supersymmetry-covar iant . 

The construction of the new basis starts with defining <f>' + := |[1 + D 1111OOOO ' OO ](0) — indicated 
in (87) by the dotted arrow — as a new component (super)field. It is not hard to ascertain that the 
formal operators |[1 ± D 11110000 ' 00 ] act as complementary projection operators, are closely related 
to (35), and 

gimoooo|(xy + . = ^ _ gimoooo|oo ]0 / + = Q (g9) 

The remainder of this new basis of component (super)fields is obtained by applying the 10-cube 
of (8, 2)-superderivatives (3) on 0' ± . The resulting collection of component (super)fields is then 
manifestly just a (super)field redefinition of the supermultiplet depicted by (82). However, in 
this new basis, the path corresponding to D 11110000 ' 00 is a closed hallmark 4-color tetragon, thus 
manifesting the eg,o © t 2 rather than the d St2 code and ensuring that the resulting Adinkra must 

take the form of (80). Equivalently and owing to (89), each component (super)field in this new 

i , , i ffimooooloo 

basis is annihilated by 11_ 

Needless to say, the converse can be done as well: in (80), we start from a component (super)field 
and now identify its image under the action of D 00010001 ' 11 (where 0001 0001 1 11 is a generator of d$ : 2 
that is not also in es,o © ^0,2), 

r8,2 



/ 8 '7(e 8 ,o©to 




o o o o : ;: o :: o xy ^ o^^^ OF- o 



(90) 



The new component (super)field basis is defined by starting with the linear combination component 
(super)field [1+D 00010001 ' 11 ]^. The remaining component (super)fields are then obtained by applying 
the 10-cube of (8, 2)-superderivatives (3) on ip',. The resulting Adinkra will then have D 00010001 ' 11 
generate a hallmark 4fc-gon relation, and so will be depicted by the Adinkra (82). 

— -k — 

The necessary and sufficient criterion to determine if two worldline Adinkras depict isomorphic 
supermultiplets involves the definition of the "node choice group" (NCG) [11]. This is the symmetry 
generated by the horizontal permutations of nodes that result in the same Adinkra. NCG is encoded 
by the binary exponents of the formal D-monomials required to connect the component (super)fields 
which correspond to the permuted nodes, and these exponents form a binary (not necessarily doubly) 
even linear block code, jV . For two Adinkras A\ ~ I /^i and A2 — 1/^2 to depict isomorphic 
supermultiplets supermultiplets, it is necessary and sufficient for both adinkras must have the same 
NCG encoded by jY , and that ^1 C JY as well as ^2 C Jf . 

Clearly, this criterion translates to worldsheet Adinkras, but the NCG is now encoded by a split 
binary (not necessarily doubly) even linear block code. Thereupon, the criterion is virtually the 



same: 
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Corollary 3.4 Let Jff denote the split even linear block code encoding the horizontal permutation 
of nodes in a given worldsheet Adinkra, and let two Adinkras, Ai, have the split chromotopol- 
ogy I p,q ffip i = 1,2. They depict supermultiplets that are isomorphic, and by (super) field 
redefinitions only, precisely if: 

1. both Adinkras have the same node choice group of symmetries, encoded by Jp 7 , and 

2. both f 1 czJf and f 2 C Jf, 

3. spin[D^ h } = for both D a l b 6 (f 1 \ f 2 ) and D a l b e (f 2 \ 



3. 5 Worldsheet Adinkra Degeneracy 2 

Whereas section 3.4 shows that there exist inequivalent Adinkras that nevertheless depict equivalent 
worldsheet supermultiplets, we now show that some DE codes have more than one inequivalent splits. 
Consequently, an Adinkra with the chromotopology I ftf may be used to depict two inequivalent 
worldsheet supermultiplets, one with the split chromotopology I p ' q / C ^ 1 the other with I p,q j^ 2 . 

The simplest example is constructed from splitting the ds code in two distinct ways, as shown 



Code 

ds 

G?4 4 



Generators 



d' 



4,1 



4/f-gon 

I 1 

: : 



Codewords Top 

I 8 /d 8 



11001100 
01100110 
00110011 



1100 
0110 
0011 

1111 

0011 
0000 



1100 
0110 
0011 

0000 
1100 

1111 



Adinkra 




/ 4 ' 4 /<4 = (I ifi /d4, X I°>Vd 0A )/d 



2.2 



Table 4: Two inequivalent splits of the ds DE-code. The same Adinkra depicts inequivalent inequivalent 
supermultiplets via inequivalent assignment of edge-colors to (4, 4)-supersymmetry generators. 



in Table 4. The inequivalence 0^4 d' 4i is easy to see as follows. Unlike for d' A4 , all three 
generators — and therefore also all elements — of rf 4)4 are split symmetrically: each codeword has the 
same weight on the left- and the right-hand side of the partition. In turn, d' A 4 contains the d^o and 
g?o,4 subcodes, while g? 4i4 contains no (nontrivial) unidextrous subcode. 

Now, neither is dg a maximal DE-code, nor are ^4,4 and d' 4 4 maximal (4, 4)-split esDE-codes. 
Indeed, d$ C e%, and d 4i4 C e4 ; 4, and g? 44 C e 44 : 

•M H- C -M H- , and C . (91) 

<^^^> o^^^> <^^^> <^^^> ■ o^^^> ■ <^^^> 

Finally, it is not hard to show that the two versions of are in fact equivalent, so that d^ and 
d 44 are inequivalent esDE-subcodes of the same maximal esDE-code e 4j4 . 

Projections by the inequivalent esDE-codes such as <i 4j4 , d 44 depicted in Table 4, clearly define 
inequivalent Adinkras, each of which depicts a distinct supermultiplet. An isomorphism between 
two such supermultiplets may again be constructed in the manner described in (78)-(90). Consider, 
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for example the two worldsheet supermultiplets depicted by the Adinkra in Table 4, and projected, 
respectively, by <i 4 ,4 and d 4 4 . A comparison of the 4/c-gon diagrams of the two codes indicates one 
common generator (the middle one): 



d 



1,1 



1100 

0110 
0011 



1100 
0110 
0011 



vs. 



1111 

0011 
0000 



0000 
1100 

1111 



mm 



d' 



4,4 > 



(92) 



which suggests reordering D 2H 
results in 



\-> D 3+ i — y D 4+ i — y D 2+ and D 2 _ ^ D 3 _ i-> D 4 _ i-> D 2 _ 



in d' 4 4 , which 



4,4 



[noo 


1100 




1111 


0000 


1+ a+ . 


0110 


0110 


vs. 


0110 


0110 


Mi 


[ooii 


0011 




0000 


1111 


4+ 3+ ■ 



d' 



4,4? 



(93) 



which makes the middle generator, 0110|0110, common to both. In addition, the EB-sum of the first 
and the third generator in both codes, 1111 1 1111, is also a common codeword and may itself be used 
as a generator. In both d 4)4 and d' A 4 , one more codeword is needed to act as the third generator, the 
requirement being only that it be linearly independent 14 from the common generators 0110|0110 
and 1111 1 1111. To this end, we may well use the bases 



d, 



4,4 



1111 


1111 


0110 


0110 


0011 


0011 



vs. 



4,4 



1111 


1111 


0110 


0110 


0000 


1111 



(94) 



which now has a single differing generator, and is in this respect in the same situation as were 
es,o and d$ t 2 in (85). We then start from a particular component (super)field, 0, in a d 4i4 -projected 
supermultiplet and apply the super differential operator D 0000 ' 1111 encoded by the differing generator 
from d' 4 4 in such a way that the result has the same spin as the initial field, and define: 



|[1 - (D!_)"l o (D 2 _) o (D 3 _)-l o (D 4 _)], 



(95) 



Using either of <f>' ± as a starting point, we reconstruct the remainder of the supermultiplet by 
applying all superdifferential operators from the (4, 4)-basis (3). In the Adinkra depicting the so 
reconstructed supermultiplet, the hallmark 4fc-gon relations encoded by the esDE-code d' AA will all 
trace closed hallmark 4/c-gons, rather than the ones encoded by g? 4>4 and which were closed before 
the component (super)field basis redefinition started with (95). 

We have thus constructed an isomorphism between the component (super)field basis for the 
supermultiplet depicted by the d^-projected Adinkra to the component (super)field basis for the 
supermultiplet depicted by the d' A 4 -projected Adinkra, proving that the two are merely two distinct 
bases for the same supermultiplet. 

A few comments are in order: First, the esDE-codes g? 4;4 and d' A4 are not maximal esDE-codes: 
they are both distinct sub-codes of the e 4]4 esDE-code, as shown in the display (91) and the sub- 
sequent text. One may suspect that the above isomorphism is in fact due to this non-maximality, 
and dismiss the distinction d 4i4 ^ c? 44 as irrelevant for constructing supermultiplets that are not 
equivalent by (super)field redefinitions. 
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In the context of binary codes, "linear independence" refers to EE-addition of binary multiples. 
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However, there do exist maximal esDE-codes that are inequivalent even-splits of the same DE- 
code. For example, 

^^^^^^^^^^^ ^^^rf ^(^^^^) 

I- and (96) 

are evidently (p,q) = (6,6) even-splits of g? 12 , and are inequivalent in precisely the same manner 
as are d^ and d' Ai . It is clear that every DE-code for k = 2, 3, 4 . . . has such two inequivalent 
even-splits, d^k^k and d' 2k2k . Of these, the DE-codes d±k and the esDE-codes d2k,2k and d' 2k2k with 
odd k — starting with d§fi and d' e 6 in (96) — are also maximal. 

In this case, the bases for the g?6,6 and d' 6 6 may again be changed so as to exhibit a maximum 
(three) of common generators, 

001100 
011110 

noon 

corresponding in turn to the green, yellow+blue and red+magenta 4fc-gons on both sides. Let D 1; D 2 
be the formal super derivative operators corresponding to two generators of <i 6j6 that are not in d' 6 6 , 
and D' 1; D' 2 be the formal superderivative operators corresponding to two generators of d' 6 6 that are 
not in g?6,6- The supermultiplet isomorphism is then constructed by starting with cf) a component 
(super)field from a c^-projected supermultiplet, identifying 

0':=I[1-D;]|[l-Dy0 (98) 

with a starting component (super)field in the new basis, and reconstructing the remainder of the 
supermultiplet by acting with the (6, 6)-superderivatives (3) upon </>'. In the so-constructed basis 
and starting with any (new) component (super)field, both and D' 2 will sweep out closed hallmark 
4/c-gons; therefore, the Adinkra depicting this new basis for the d 6i6 -projected supermultiplet will 
have the topology of / 6 ' 6 /^6 6 rather than J 6 ' 6 /defi from which we started. This then constructs the 
isomorphism between the <i 6j6 -projected supermultiplet and the d' 6 6 -projected one. 

We have thus demonstrated that there exist DE-codes that have inequivalent esDE-code splits, 
and some of which are maximal, but that the Adinkras projected by at least some of those inequiv- 
alent esDE-code splits of DE-codes in fact depict isomorphic supermultiplets. 

As the number for inequivalent esDE-codes grows combinatorially with (p, q), a computer-aided 
listing of the type done for DE-codes [10,11,36] is clearly necessary for their classification, and for 
a consequent classification of all off-shell supermultiplets of worldline (p, g)-supersymmetry, e.g. for 
p+q < 32, which limit is expected from M-theory considerations [27] . 

4 Conclusions 

In the foregoing analysis, the classification efforts of Refs. [10,11,12] are generalized so as to outline 
the analogous classification of off-shell supermultiplets of (p, g)-extended worldsheet supersymmetry. 
In particular, the main results are as follows. 

1. Section 2 provides three constructions, 2.1, 2.2 and 2.3, by which off-shell and on-the-half- 
shell representations of worldsheet (p, g)-supersymmetry are obtained as tensor products of 
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001100 
011110 
110011 



(97) 



left- and right-moving worldline supermultiplets. A complete listing of such supermultiplets 
for p+q < 8 is given in Section 3.3. 

2. Generalizing the situation with worldline supermultiplets, certain worldsheet off-shell super- 
multiplets decompose into a direct sum of two half-sized sized supermultiplets, while others 
reduce to half-sized supermultiplets. Some worldsheet supermultiplets admit multiple iterated 
such Z2-decompositions and reductions and this is encoded by even-split doubly even linear 
block codes, which are discussed and classified for p + q < 8 in Section 3 and depicted in 
Figure 4. Such decompositions and reductions produce the minimal supermultiplets for given 
(p, g)-supersymmetry. 

3. Corollary 2.4 identifies a type of twisted Z2-symmetry that signals the existence of a complex 
structure. Section 2.3.2 verifies this amongs off-shell worldsheet (p, g)-supermultiplets for 
p+q = 4. 

4. Sections 3.4 demonstrates that some worldsheet supermultiplets depicted by topologically 
inequivalent Adinkras are nevertheless equivalent, by adapting the analogous worldline super- 
multiplet isomorphism of Ref. [10] . Corollary 3.4 specifies the appropriate conditions for this 
isomorphism. 

5. In turn, Section 3.5 constructs inequivalent splits of the same doubly even linear block code, 
producing inequivalent esDE-codes, and whereby the same (p, g)-Adinkra is made to depict 
distinct worldsheet supermultiplets. 

6. At least for some of the cases where the same (p, g)-Adinkra depicts distinct supermultiplets 
since the respective esDE-codes are inequivalent even-splits of the same DE-code, Section 3.5 
also constructs an isomorphism between the corresponding supermultiplets. This too is an 
adaptation of the worldline supermultiplet isomorphism of Ref. [10] . 

7. Ref. [33] observes that, as a necessary avoidance of the obstruction defined for its "twin the- 
orems 2.1 and 2.2", ambidextrous off-shell supermultiplets of ambidextrous supersymmetry 
must have at least three levels 15 , i.e., their component (super)fields must have at least three 
distinct, adjacent engineering dimensions [18,9] . Herein, we see this to follow as an elemen- 
tary consequence of Adinkra tensor products, as defined in Constructions 2.1 and 2.4, and 
exemplified in Sections 2.2.3 and 2.2.4; for and ambidextrous supersymmetry, p ^ ^ q and 
D\ + ^ 1 in these constructions. Since the minimal level of 9l± ^ 11 is two, the minimal 
level of <S> 9^-)/^ cannot, by construction, be less than three; see (25)-(28) for a simple 
illustration. 

Owing to the combinatorial growth of these tasks with p+q, a mechanization of the methods 
presented herein would be welcome, perhaps in synergy with those reported in Ref. [33] , so as to 
extend the classification of worldsheet supermultiplets beyond p+q < 8 through p+q < 32. 



i5 Ref. [33] also notes that the only fully off-shell supermultiplets with only two levels may exist: (1) in 
worldline supersymmetric systems where this obstruction is void, (2) in unidextrous (p, 0)- and (0, q)- 
supersymmetric systems on the worldline, and perhaps, (3) in higher- dimensional systems with s space and 
t time dimensions where (s—t) = 0mod8. The analysis herein fully agrees. 
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A Details of the d 2 ,2-Encoded Z 2 -Symmetry 

To help with translating the Adinkra manipulations that turn (21) into (26) and then this into (27), 
let us revisit the same depictions, but annotated with corresponding superderivatives, as taken 
from (2). To save space, we use the binary exponent notation (3), modified so as to absorb and 
d = factors, so for example 

D oo|oo = 1; D oi|oo = D2+; D 20|io := . 9+Di _ j DL 1 l 20 :=icLD 1+ D 2+ , etc. (99) 

We start with (2) and define a supermultiplet depicted by the Adinkras in (26): 




(100) 



The maneuver indicated by the lilac dashed arrow resembles "node raising" of Refs. [9,14,10,11]. 
However, since individual nodes of an Adinkra cannot be raised if it is to continue depicting an 
off-shell worldsheet (p, g)-supermultiplet with p, q ^ [33] , the indicated sub-Adinkra is the mini- 
mal contiguous portion that can be consistently raised. The maneuver depicts the consequence of 
defining a superfield to be a superderivative of an intact superfield the highlighted com- 
ponent (super)fields of *&a- (on the right) are identified with the d = -derivatives of the highlighted 
component (super)fields of $ (on the left). 



A similar maneuver produces (we display only the exponents for brevity): 




(101) 
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To bring the result into the shape shown in (27), some horizontal reshuffling is needed, and a 
subsequent change in the signs of a six highlighted superderivatives: 




(102) 



This is finally the Adinkra shown on the left-hand side in (27). To see what this symmetry implies, 
we revert from the cryptic annotations to the full superderivatives: 




+D2+D2-I (103) 



r>L+D 2 ^T ID2+D2- 



where the tilde on F a „ denotes the sign-changes performed in (102). 

The horizontal (literal) mirror identifications across the vertical divide indicated in (27) are now 
seen as identifications of superderivatives that are complementary within Di + D 2+ Di_D 2 _: literally 
so in the bottom row: 



(D 1+ D 1 _)(D 2+ D 2 _) = -D 1+ D 2+ D!_D 2 _ = (-D 2+ Di_)(Dl+D 2 _), (104) 

and padded with appropriate 9+- and d= -factors in the middle and top row to match the engineer- 
ing dimension and spin. Note that the particular assignment of superderivatives to the Adinkra 
nodes (103) is the only one (up to sign-changes) that permits the horizontal (literal) mirror sym- 
metry of the Adinkra to reflect in the superderivatives. 

Thus, the formal identifications in (27) imply that, when acting on the components of the 
mirror-identified "half-sized" supermultiplets, the superderivatives satisfy relations such as 

[D 1+ D x _ ± D 2+ D 2 _] ~ 0, [D 2+ Di_ =p D 1+ D 2 _] ~ 0, (105a) 

[id + Dx_ ± D 1+ D 2+ D 2 _] ~ 0, [D 1+ D 2+ D!_ ± z9 + D 2 _] ~ 0, (105b) 

[-9+9= ± D1+D2+D1-D2-] _ 0> etc ^ ( 105c ) 

fully consistent with (62). 
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We may thus define a supermultiplet in terms of an Adinkra of intact superfields: 




(106) 



where, directly generalizing (10)-(11), the edges specify the superdifferential relations: 



Di+Y 1+1 _ 




D 2+ Y 1+1 _ 




D1+Y2+1- 


= «Sf_, 


D2+Y2+1- 


= 


Di+Yi + 2- 


= **2-, 


D2+Yi + 2- 


= —ia 2 _, 


D1+Y2+2- 


= »S2_, 


D2+Y2+2- 






+ 

= Yi + i_, 




* 

= — Y2+1- 


Di+3f_ 


* 

= Y2+1-, 


D 2+ Hr_ 


= Yi+i_, 



Di_Y 1+1 _ 
Di_Y 2+1 _ 
Di_Y 1+2 _ 
D1-Y2+2- 

Di_3r_ 



14.3 

il — '2+5 
^1+2+' 



Yi+i- 
Y2+1- 

-Yi +2 _ 

Y2+2- 

sr 



-Z* 

^1+2+' 



z += 



(107a) 
(107b) 
(107c) 
(107d) 

(107e) 

(107f) 



and so on for a total of 64 relations; Y := d^Y (in the likeness of Y := <9 r Y) to save space. 

The projection (27) is then seen as the imposition of one of the (anti-)self-duality constraints: 



J Y 



AS' 



or 



(108) 



The corresponding projection relations between the VP's and S's, and the Z's then follow by combin- 
ing (108) and (106). Each of the sign-choices in (108) reduces the number of independent component 
(super)fields in {Y; \I/,E; Z} by a factor of two, and the two possible sign-choices produce the su- 
permultiplets 



/ (Y ■ + e Pf-^Y ■)■ ■ ■ ■ \ 

\ \ ■*■ aa ~ °a c ct x RQj) J 



VS. 



{(Y c 



(109) 



as depicted in (28); the particular linear combinations of the \I/'s and S's, and the Z's that were 
omitted are recovered by comparing the notation defined by (106) with the operators (103). 

— -k — 

The supermultiplet (106) decomposes into a direct sum of the chiral and twisted-chiral supermul- 
tiplets (28). In turn, the supermultiplet (22) is not decomposable, but may be reduced to either the 
chiral or the twisted-chiral supermultiplet; see (48)-(53) and Figure 3. In retrospect, the fact that 
the sequence of transformations (100)-(103) is local in one direction but not in the other indicates 
the inequivalence of the non-decomposable (22) and the decomposable (106). 



B Solving Superdifferential Relations 

Since the superfields {Y Q+( ^_; S^_, *&t+> "a+! Z = ^, Zzjj, Z= , Z^ = } — and so also their comple- 
mentary linear combinations (109) — are otherwise completely free, they may be used in a completely 
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unrestricted path-integration to define a partition functional. Admittedly, however, this is an un- 
wieldy description. 

Instead, following such well-known practices [1,2,3,4] and Theorem 7.6 of Ref. [9] in particular, 
the supermultiplet (103) may be "solved" (and simplified) in terms of a single intact (unconstrained, 
ungauged, unprojected...) superfield, U, by identifying the array 

{Y;*,S;Z: (106)} M- U : Y a& := (D Q+ D A _U), (110) 

and where the remaining component superfields are obtained by applying the tesseract of su- 
perderivatives in Figure 2 on the relations (110). 

The worldsheet evaluations of (110) themselves simply give the component (super)fields depicted 
by the bottom four nodes. Application of additional superderivatives followed by worldsheet eval- 
uation yields either the component (super)fields depicted by the middle- and top-level nodes, or 
produces d^- and d= -derivatives of these component (super)fields. 

However, such "solutions" of superdifferential relations typically exhibit gauge invariances. In 
the case at hand, the component := |[D 1+ , D 2+ ]U| does not occur directly in the supermultiplet 
Y a &, as defined in (110). Instead, Y a & contains (d=U^). Consequently, we are free to replace 

£/ + -»> U + + V + , where d=V + = 0. (Ill) 

The analogous is true of U= , which is undefined up to the addition of a right-moving summand: 
U= ~ U= + W= with d^W= = 0. Similarly, only d=- and (^-derivatives of the fermions ip a+ : = 
iD a+ U| and ip^ := iD&_U|, respectively, occur within Y„^,. These fermions are thus undefined up 
to the addition of a unidextrous fermion: ip a+ ~ ip a+ + \ a + and ~ ip&_ + where d= Xi+ = 
and d^oj&_ = 0. Finally, only the D'Alembertian of u := U| occurs within Y a ^ and so is undefined 
up to the addition of an arbitrary harmonic function, u ~ u + [v + w) where d= v = and d^w = 0. 

Whereas for worldline supermultiplets such "gauge" degrees of freedom were merely the first 
few terms in a Taylor series — a few constants — in "solving" the super derivative relations amongst 
worldsheet superfields, the gauge degrees of freedom form entire unidextrous supermultiplets: 

d = {v; Xa+ ;V + } = and d + {w;u & .;W = } = 0. (112) 

Hence, the array of quadratic superderivatives Dq, + Dq_ provides a surjection: 

D Q+ D A _: U -» Y Q& = (D a+ D d _(U~U+{i;;Xa+;^} + {w;w ( i_;W = })) (113) 

Were it not that the supermultiplets (112) are unidextrous and were it not that a harmonic function 
on the worldsheet is a sum of two unidextrous functions, these would span precisely the degrees of 
freedom gauged away in the Wess-Zumino gauge from the Hermitian "vector" superfield in J\f=\ 
supersymmetry in 3+1- dimensional spacetime [1,2,3,4] . In that case, the gauge degrees of freedom 
are themselves off-shell. 

In this sense, worldsheet "solving" superderivative relations is "half-way" between the worldline 
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and the higher-dimensional spacetime cases: 



Dim. Gauge Degrees of Freedom and Their Nature/Occurrence 



1 + constants 
1 + 1 unidextrous 
l + n off-shell (n > 1) 



first few terms in Taylor series 
supermultiplets on the half-shell 
off-shell supermultiplets; 



(114) 



This analogous adaptation of Theorem 7.6 of Ref. [9] to Adinkras that depict worldsheet (p, q)- 
supermultiplets then guarantees: 

Corollary B.1 Each Adinkra depicting an off-shell supermultiplet of worldsheet (p, q)-supersym- 
metry without central charges admits — up to unidextrous gauge degrees of freedom — a super- 
field representation in terms of an intact (p,q)-superfield modifying the steps in Theorem 7.6 
of Ref. [9] by judiciously replacing d T by gLl or d= so as to ensure Spin(l, l)-covariance. 

Closely related to Theorem 7.6 of Ref. [9] is also the general construction of ghost-free kinetic 
Lagrangian terms for worldline supermultiplets reported in Ref. [41] . The close relationship of these 
to Corollary B.l would then seem to suggest the existence of an adaptation of this construction of 
ghost-free kinetic Lagrangian terms for all worldsheet supermultiplets. 



Consistent with the conclusion of the previous appendix is the fact that the off-shell supermul- 
tiplets {Y; S; Z} depicted in (106) and U depicted by the Adinkra (22) differ by the unidextrous 
supermultiplets (112). The mapping U -» Y a ^ is therefore not a strict homomorphism of off-shell 
supermultiplets (which may be adopted verbatim from Ref. [11], and they must be regarded as 
strictly inequivalent off-shell supermultiplets. 
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